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Abstract 

For any integer D = or 1 (mod 4), there is a Teichmiiller curve Wd 
immersed in the moduli space M2 of genus two Riemann surfaces. The 
curve Wd is naturally embedded in a Hilbert modular surface Xd, Our 
main result is that the Euler characteristic of Wd is proportional to the 
Euler characteristic of Xd- More precisely, 

X(W D ) = ~x(Xd), 

when D is not square. 

When D = 1 (mod 8), the curve Wd has two connected components, 
W D and W D - We also calculate the Euler characteristics of these compo- 
nents. When D is not square, we show that 

x(w D ) = x(wb). 

When D is square, we show that 

x(W° d2 ) = -U 2 (d-l)J2^, and 

r\d 

x(w^=-± d 2 ( d ~3)j:^. 

r\d 

The idea of the calculation of x(Wd) is to use techniques from alge- 
braic geometry to compute the fundamental class of the closure Wd in a 
compactification of Xd- We define a compactification Yd of Xd which 
maps to the Deligne-Mumford compactification of M2 by a finite mor- 
phism. We then exhibit Wd as the zero locus of a meromorphic section of 
a line bundle over Yd, which allows us to calculate the fundamental class 
of W D - 

To calculate the Euler characteristics of the connected components 
W D , we find several relations involving the fundamental class of the clo- 
sure of W D which allow us to solve for x^Wb)- F° r example, we calculate 
the self-intersection numbers of the W D in terms of xiWb)- 

We apply these results to calculate the Siegel-Veech constants for 
counting closed billiards paths in certain L-shaped polygons. We then cal- 
culate the Lyapunov exponents of the Kontsevich-Zorich cocycle for any 
ergodic, SL2R- invariant measure on the moduli space SI1M2 of Abelian 
differentials in genus two (previously calculated in unpublished work of 
Kontsevich and Zorich). 
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1 Introduction 



Let M2 be the moduli space of genus two Riemann surfaces. Given any D > 
with D = or 1 (mod 4), let W' D C be the locus of Riemann surfaces X 
such that: 

• The Jacobian Jac(A) has real multiplication by Od, the unique real 
quadratic order of discriminant D, and 

• There is an Abelian differential lu on X which is an eigenform for real 
multiplication and has a double zero. 

Let Wd be the normalization of W D , a possibly disconnected curve. 
The Hilbert modular surface, 

A' D =HxH/SL(0 D ffiO^), 

is the moduli space for Abelian surfaces with real multiplication by Od- In Ad, 
let Pjj be the Shimura curve consisting of those Abelian surfaces in Ad which 
are polarized products of elliptic curves. There is a commutative diagram, 

W D t X D \ P D 




M 2 



where the top map is an embedding, and the vertical map is a two-to-one map 
sending an Abelian surface A to the unique Riemann surface X £ M. 2 such that 
Jac(A) = A. 

The curve Wd is not a Shimura curve on Xd', it is, however, a Teichmiiller 
curve, a curve which is isometrically immersed in the moduli space M.2 with 
respect to the Teichmiiller metric. In fact, the curves Wd with D nonsquare 
are all but one of the primitive Teichmiiller curves in M2, where a Teichmiiller 
curve is said to be primitive if it does not arise from a Teichmiiller curve of 
lower genus by a certain branched covering construction. The curves Wd arise 
from the study of billiards in certain L-shaped polygons, and the study of these 
curves has applications to the dynamics of billiards in these polygons. 

Euler characteristics. The main object of this paper is to calculate the Eulcr 
characteristics of the curves Wd- The idea is to relate x(Wd) to x(Xd) and 
x(Pd)- It turns out that these Euler characteristics are all proportional if D is 
not square. The following is our main result. 

Theorem 1.1. If D is not square, then 

x{Wd) = -\x(Xd)- (1.1) 
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Remark. Zagier conjectured formula (jl.ip from numerical evidence. In |Sie36j . 
Siegel calculated the volume of Xd when D is a fundamental discriminant (that 
is D is not of the form D = f 2 E for some E = or 1 (mod 4) and / > 1). This 
yields formulas for \{Xd) for all D, and for D/la fundamental discriminant, 
we obtain 

X (W/ /2D ) = -9C Q(yl5) (-l)/ 3 £ 

r\f 

where [i is the Mobius function, and (-p-) is the Kronecker symbol. When / = 1, 
this reduces to 

X(W D ) = -9( Q{VS) (-1). 

The Euler characteristics x{Wd) when D is not square are given by the 
Fourier coefficients of a modular form. More precisely, there is a function 
H(2, D) such that for D ^ 1 a fundamental discriminant and / € N, 

Y j x{W^d)^\h{2J 2 D) 1 and 

r\f 

D=0,1 (4) 
D>0 

is a modular form studied by Cohen in |Coh75| . See §2.31 for more about this 
form. 

When D = d 2 , Eskin, Masur, and Schmoll calculated x(W<2 2 ) in [EMS03] . 
Our methods give a new proof of their formula. In this case, it is no longer true 
that x(Wd 2 ) is proportional to x(^d 2 )- 

Theorem 1.2. For any d > 1, 

X (W d2 ) = -±d 2 (d-2)J2^ L - (1-2) 

Connected components of Wd- It is known that when D ^ 9 and Z? = 1 
(mod 8), Wd has two connected components, W D and W D ; otherwise Wd is 
connected }McM05aj . 

We will also show that when D is not square, the connected components of 
Wd have the same Euler characteristic. It should be true that these components 
are actually homeomorphic, but we have not proved this. It is not true that the 
connected components of Wd are isomorphic as curves over C. 

Theorem 1.3. If D = 1 (mod 8) is not square, then 

x(w° D ) = x(Wh). 



D\ /i(r) 
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There is a canonical involution r : Xo — ► which is covered by the invo- 
lution (z, w) i— > (w, z) of H x HI. This involution replaces an Abelian surface A 
together with a choice of real multiplication, 

p: O d -> End A, 

with the Galois conjugate real multiplication p' obtained by precomposing p with 
the Galois automorphism of Oo- It is not true that r permutes the connected 
components of Wo (otherwise Theorem 11.31 would be trivial). In fact, Wo is 
not even invariant under r. 

We also calculate x(Wh s )i ^ ^ s 110 l° n g er true in the square discriminant 
case that the connected components of W,p have the same Euler characteristic. 

Theorem 1.4. If d > and d 2 = 1 (mod 8), then 

xW)=-^-l)E7r. (1-3) 

r\d 



^) = -^-3)E# 

r|d 



Remark. These formulas were established independently by Lelievre and Royer 
in [LR06] , 

Siegel-Veech constants. Given a positive, nonsquare integer D = or 1 
(mod 4), let P(D) be the L-shaped polygon as in Figure [U where the side 
lengths are given by 

, 1 + 

a = o = 

2 

if D is odd, and 



a = ana o = 1 H 

2 2 

if D is even. By a standard unfolding construction, a L-shapcd polygon deter- 
mines a genus two Riemann surface X equipped with an Abelian differential oj, 
and the (X,ui) determined by P(D) lies on QWo- 

A billiards path on P(D) is a path which is geodesic on the interior of P(D) 
and bounces off the walls as a physical billiards ball would (angle of incidence 
equals angle of reflection) . We allow billiards paths to pass through the corners 
of angle tt/2 but not through the one of angle 37r/2. Closed billiards paths occur 
in parallel families which are bounded by two paths which each start and end 
at the corner of angle 37r/2. Let 

N(P(D), L) = ^{families of simple closed billiards paths on P(D) 

of length at most L}. 
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1 



Figure 1: P(D) 



Note that we do not count paths which go around a single closed path several 
times. Also paths are not oriented, so we do not count a path going once in each 
direction. Since the unfolding lies on a Tcichmullcr curve, we have by |Vee89] 

NWD),L)~c(D) AAx Jl pm L>. 

for some constants c(D) called Siegel-Veech constants. Evaluating the constants 
c(D) amounts to calculating the Eulcr characteristics of the Wd together with 
the volumes of certain neighborhoods of the cusps of Wd- In ^141 we calculate 
these constants. For example, we obtain: 

Theorem 1.5. For small values of D, the Siegel-Veech constants c{D) are as 
given in Tabled 



D 


5 


8 


12 


13 


17 


20 


21 


24 


28 


29 
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25 


28 


26 


91 


221 1 i— 

yr + 8^ 


31 
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148 


82 


377 
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3 


15 
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¥ 


yr 



Table 1: Siegel-Veech constants for P(D) 



Note that there are other L-shaped polygons, classified in McM03a , whose 
unfoldings lie on the Tcichmullcr curves Wd and our results apply equally well 
to those. The Siegel-Veech constants only depend on the connected component 
of Wd on which the unfolding lies. We also show in CHI 

Theorem 1.6. I/Wd has two connected components, then the associated Siegel- 
Veech constants are Galois-conjugate elements o/Q(\AD). If Wd is connected, 
then the Siegel-Veech constants are rational. 
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The Kontsevich-Zorich cocycle. There is a well-known action of SL 2 R on 
VlM. g , the moduli space of Abclian differentials, which preserves the subspace 
fliMg of Abclian differentials of norm one with respect to the norm, 



hi = (Xm')' 



on fl(X). The diagonal subgroup A C SL 2 M induces a flow g t on £lM. g , the 
Teichmiiller geodesic flow. Kontsevich and Zorich [Kon971 IZor99j introduced a 
linear cocycle over this flow which is closely related to the dynamics of flows 
on surfaces. There is a bundle 7ii(]R) — > VL\M. g whose fiber over an Abclian 
differential (X, uj) is Hi(X;M)/ Aut(A, uj). This bundle has a natural flat con- 
nection, the Gauss-Manin connection. By coupling the geodesic flow gt with 
the Gauss-Manin connection, we get a flow g t , the Kontsevich-Zorich cocycle, 
on 7ii(IR) which is linear on the fibers and covers the flow g t on £l\M. g . 

Consider the closure S C CI1M2 of an SL 2 M orbit. By results of [McMaj . S 
is a suborbifold of f^A^ which comes equipped with a unique SL 2 K-invariant, 
crgodic, absolutely continuous, probability measure, the period measure. In the 
case of the Teichmiiller curves, period measure is just the normalized hyperbolic 
area measure (because Haar measure is unique). 

Associated to any ergodic, (^-invariant measure jj, are the 2g Lyapunov ex- 
ponents, 



Kontsevich gave a formula in |Kon97j which calculates J] A^ (/i) as a certain 
integral over moduli space when fi is SL 2 R invariant. The same methods which 
we use to calculate x(W / d) allow us to evaluate these integrals and to calculate 
A 2 (/^) for all crgodic, SL 2 R-invariant measures on fi 1 A / l 2 . Let £l 1 j\/l 2 {2) C 
VL1M.2 be the locus of forms with a double zero. 

Theorem 1.7. If fi is any finite, ergodic, SL^R-mmriani measure on r2iA / J 2; 



Remark. Theorem 1 1.71 is an unpublished result of Kontsevich and Zorich which 
is mentioned in |Zor06| . 

Outline of proof of Theorem 11.11 The strategy for computing the Euler 
characteristic of Wd is to study the relationship between Wd and the Hilbcrt 
modular surface Xjj on which it lies. More precisely, we will define a compactifi- 
cation Yd of Xr> and compute the fundamental class of W d in Yb by expressing 
it as the zero locus of a meromorphic section of a line bundle over Yd ■ 

Here is a sketch of the calculation of the Euler characteristic x(Wd) in 
the case when D is nonsquare. When D is a square, the calculation is more 
complicated because there are some extra curves in Y d 2 \ X d i which have to be 
taken into account. 



1 = Ai(/i) > • ■ • > X g (ji) > -A 9 0) > ■ • • > -Ai(/z). 



then 




1/3, if fi is supported on 17iA / t 2 (2); 
1/2, if jj, is not supported on f2iA / l 2 (2). 
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1. Given a nonsquare D £ N with D = or 1 (mod 4), let 

O d = Z[T]/(T 2 + bT + c) 

for integers 6, c € Z such that b 2 — 4c = D. The discriminant _D determines 
up to isomorphism, and Od is naturally embedded in its field of 
fractions Kd, which is isomorphic to Q(V^D). Let O d C Kd be the 
inverse different of Od, and let SL(Od © £>£,) C SI^A'^ be the subgroup 
which preserves Od © 0£>- 
There are two closed two-forms uji on 

Xd = EH x M/SL(Od © O d ) 

covered by the forms 

1 dxj A dy l 

2- yf ■ [LA) 

on H x ML The inverse image of Wd in H x H is the union of the graphs 
of countably many holomorphic functions H — > H. It follows that the 
restriction of u>\ to Wd is l/2?r times the hyperbolic volume form on Wd- 
Gauss-Bonnet then tells us that 

x(Wd) = - wi. 

2. There is a Shimura curve Pd C Xd which parameterizes Abelian surfaces 
which are polarized products of elliptic curves. It is covered in Xd by a 
union of graphs of Mobius transformations H — + H. We introduce these 
curves in £12.31 and show that 

x(Pd) = -\x{X D )- (1.5) 

3. The bundle Q.M.2 over M.2 whose fiber over a Riemann surface X is the 
space Cl(X) \ {0} of nonzero Abelian differentials on X extends to a bun- 
dle ilA^2 over the Deligne-Mumford compactification which we discuss in 
Sj5] In SJ7] and we construct a compactification Yd of Xd , a complex 
projective orbifold which is obtained by taking the normalization of the 
closure of the image of an embedding Xd — > PSIA^. We call this the 
geometric compactification of Xd- The complement 8Xd = Yd\Xd con- 
sists of finitely many rational curves, each labeled by a discrete invariant 
which we call a Yo-prototype. We discuss these invariants in For each 
Yo-prototype P, there is one rational curve Cp C 3Xd- 

4. Associated to each point p £ Yd, there is a stable Riemann surface X £ 
M.2 together with an action of Od on Jac(A) by real multiplication. This 
determines a splitting of the space il(X) of stable Abelian differentials on 
X into two eigenspaces for real multiplication, 

n(x) = n 1 {x)®n 2 (x). 
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(See $5] for information about stable Riemann surfaces and stable Abelian 
differentials.) A choice of an embedding Od — > K determines one of these 
two eigenspaces, so the point p G Yd determines an eigenform in f2(A) up 
to scale if we fix such an embedding. There is a holomorphic line bundle 
QYd whose fiber over p £ Yd is the eigenspace 

In wc study a holomorphic foliation Ad of Yd along whose leaves the 
absolute periods of eigenforms in HYd arc locally constant. Each rational 
curve Cp C dXp, is a leaf of Ad, and „4d has isolated singularities at 
the intersection of two curves Cp and Cq. A leaf of Ad can be locally 
parameterized away from Wd and Pd by the relative periods of (X, u>), 
the integrals along paths joining the two zeros ui. Following jMcMbj . wc 
use this parameterization to define a quadratic differential on each leaf 
of Ad- These quadratic differentials can be pieced together to define a 
section q of the line bundle 

c = (nY D y 2 ® (t*a d ) 2 

over Yd- This section q vanishes along Wd, has a simple pole along Pd, 
and is elsewhere finite and nonzero. This gives a relation between the 
fundamental classes of Wd, Pd, and the Chern class of C, resulting in 
the formula, 

[W d ] = [Pd]+c 1 (C). (1.6) 

in iJ 2 (YD;Q). We derive this formula in flOl This is the main idea of 
the calculation of x(Wd), and the reader who only wants the gist of the 
argument might find it useful to skip directly to this section. 

5. In £j9j we calculate c\(C). We define a Hermitian metric h on OYd which 
is singular along OXd- We show that h is a good metric in the sense of 
Mumford |Mum77| . This implies that the Chern form ci(QY D ,h) = Ui/2 
is a closed current on Yd, and 

Cl (^Y D ) = (1.7) 

in # 2 (Yd;Q). 

The canonical involution t of Ad extends to an involution of Yd, which 
we continue to call r. We also show that, 

T*(flY D ) 2 = T*A D , 

which implies, 

Cl (T*A D ) = [wa]. (1.8) 
Putting together (|1.7|) and (jl.8|) . we obtain 

d(£)=-[wi] + 2[wa]. (1.9) 
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6. Combining <\l.G\i and (|1.9p , we obtain 

[TFu] = [Pd]-M+2M. (1.10) 

By pairing — [u>i] with both sides and applying the Gauss-Bonnet Theorem, 
we obtain 

X(W D ) = X (Pd) - 2 X (X D ). (1.11) 
Putting (TT3)) in (fTTTT|) . we obtain (fTTTj) . 

The proof of Theorem 11.11 uses very little about the compactification Yd ■ 
Equation p,10[) is true, when interpreted as an equation of cohomology classes 
of closed currents on Xd] however, we are not allowed to pair uj\ with this 
equation because uj\ is not compactly supported. Working in the compactifi- 
cation Yd allows us to justify this paring. The proof of Theorem 11.31 uses the 
compactification Yd in a more essential way. 

When D = d 2 , there are some extra curves S^ 2 and S^ 2 in Y d 2 \ X d 2 , which 
complicates the calculation of x(W / d 2 )- One difference from the square case is 

2 

that the section q of C vanishes on S d 2 as well as P d 2. Also, (|1.8|) becomes 

ci(TMd) = W-^]. 

Instead of (jl.llj) . we get 

x(W d 2) = X (P d .) - 2 X (X d 2) - X (S%). 
In this case, x(Pd 2 ) and x(S d 2) are not proportional to xi^d 2 ), so neither is 

Outline of proof of Theorem 11.31 The idea of the proof of Theorem 11.31 
is to find as many equations as we can involving the fundamental classes [W D ] 
and [If D l. Once we have enough equations, we are able to solve for the pairing 

M ■ Wd\ = -x(w D ). 

1 . In ff7] and fJSl we will prove the following properties of Yd : 

(a) The closures W d and Pd are disjoint suborbifolds of Yd- 

(b) Each rational curve Cp C Yd \ Xd meets W d and Pd transversely 
and meets each in the same number of points. 

(c) The canonical involution r of Yd has the property that for each 
rational curve Cp C 8Xd, 

W° d -Cp=W d -t(Cp). 
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(d) The rational cohomology of Yd is an orthogonal direct sum: 
H 2 (Y D ;Q) = B® ([ui], [uj 2 ]) © J, 



where B is the subspace generated by the rational curves C C 8Xd, 
and J is the orthogonal complement of the other two terms. J con- 



tains all of H 2 '°(Y D ;Q) and H°' 2 (Y D ] Q) and most of H 1 ' 1 ^; Q). 



2. There is a well-known formula relating the first Chern class of the bundle 
over Ai-2 to the fundamental classes of divisors in A^2\ M.2- Pulling 
back this formula by the natural map Yd — > M2, we obtain a formula for 
the fundamental class of [Pd]'- 



where ttb is the orthogonal projection of H 2 (Yd) Q) to B. Combining this 
with (jl.lOp . we obtain 



It follows from (jl.lpp that itb[Pd] = kb\Wd\- We derive these formulas 

in gm 

3. In i }T2| we study the normal bundles of W d and P d in Yd • The restriction 
of QY D to W D is a line bundle CIW D . The de gree of normal bundle 
N(W D ) can be calculated in terms of HW D . We obtain the following 
formula for the self intersection number of W n : 



The proof of the middle equality involves defining a three-to-one map 
from a tubular neighborhood W D to (fiW D )~ 2 via an operation called 
"collapsing a saddle connection," which we introduce in £14.11 This oper- 
ation replaces an Abclian differential together with a saddle connection 
joining a pair of simple zeros with an Abelian differential with a double 
zero. 

Since W D is transverse to the foliation Ad of Yd, we also have the relation, 



[Pd] = ^hl + ^N+^N, 



(1.12) 



[W D ] - -M + -[U2]+1TbWd]- 



[W D ] 2 =degN(W D ) = ~degflW D = \x{W D )- 



(1.13) 



N(W D )=TA D , 



which together with (|1.8|) implies 




(1.14) 



From (fTTT?|) and pTT4]) . we obtain 




(1.15) 



12 



4. We show in JT3] 



that the fundamental classes [W D ] are given by 



[W e D ] = \^i] + \[^]+^B[W e D ]±j, 



(1.16) 



for some j £ J. The plan is to leave the coefficient of [uj{\ as an unknown 
a and then to use our knowledge of Yd to write down equations involving 
the class [W D ] that allow us to solve for a. The following equations follow 
from Properties (b) and (c) of Yd : 



These together with (|1.15|) give us enough equations to solve for a. The- 
orem [T3] follows from (|1.16p by pairing — [u>i] with both sides as in the 
proof of Theorem 11.11 

Notes and references. The orbits of the SL2R action on fliA4 g project to 
immersions EI — > M. g of the hyperbolic plane into M. g which are isometric 
and totally geodesic with respect to the Teichmuller metric on M. g . A totally 
geodesic immersion H — > M g is called a Teichmuller disk. It sometimes happens 
that a Teichmuller disk covers an algebraic curve C va M. g . In that case, the 
normalization of C is called a Teichmuller curve. The curves Wd are examples 
of Teichmuller curves in genus two. This action of SL 2 K is also closely related to 
the study of billiards in rational angled polygons, as well as the study of interval 
exchange maps. For information about Teichmuller curves, the action of SL2M 
on QA4 g , and its relation with rational billiards and interval exchange maps, 
see for exam p le [KM5 86], |Mas82j . |MT02j . [Vee86j . [Vee89j . [Vee90j . [Vee92j . 
[KZ]. |Zor99j . |Mol06j . or [BM]. 

By analogy with the work of Ratner [Rat94j on the dynamics of actions of 
groups generated by unipotent elements on homogeneous spaces, it is conjec- 
tured that the closure of every Teichmuller disk in M. g is an algebraic sub- 
orbifold of M. g . McMullen's work establishes this conjecture in genus two for 
Teichmuller disks generated by Abelian differentials. McMullen analyzed the 
dynamics of SL 2 R on in the series of papers, |McM03aj . |McM03bj . 

jMcMaj . |McM05aj . |McM05b] . and |McM06j . In these papers, he classified the 
closures of SL2R orbits in and classified Teichmuller curves in genus two. 

He also introduced the curves Wd in these papers and showed that they are all 
of the Teichmuller curves which are generated by an Abelian differential with 
a double zero. According to |McM03a] . the Teichmuller curve Wd is primitive 
exactly when D is nonsquare. The form generated by identifying opposite sides 
of a regular decagon has two simple zeros and generates a primitive Teichmuller 
curve D w in M 2 - In |McM06j . McMullen showed that D w and the W D for D 
nonsquare are in fact all of the primitive Teichmuller curves in M2 generated 
by an Abelian differential. 

Teichmuller curves in genus two were also studied by Calta in [Cal04] , using 
the Kenyon-Smillie invariant introduced in |KS00j . 



[W D ] ■ [P D ] = 0, 
Fd] • Fd] = Wd) ■ [W D ], 
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Associated to every known SL2R orbit closure in fliM g is a canonical finite, 
ergodic measure fi. The volume of \x is an interesting quantity, which according 
to Veech |Vee98j and Eskin-Masur [EMOlj gives information about the dynamics 
of the geodesic flow of a generic Abelian differential (X, u>) € S with respect to 
the canonical flat metric on X determined by u>. Volumes of orbit closures and 
their applications to dynam ics are studied in [EOOlj . [EOP| . [EMS03j . |EMZ03j . 
[HL06] , [LR06] . and [Lel06] . 

A closed SL^R-orbit S lies over a Teichmiiller curve C. In this case, the mea- 
sure \i descends to a multiple of the hyperbolic area measure on C. These means 
that calculating the volume of n is equivalent to calculating x(C). In genus two, 
the Euler characteristics of the Tcichmullcr curves (as well as the volume 
of a related SI^lR-invariant measure on X d 2) were studied in [EMS03] . They 
established (|1.2p by counting certain special Abelian differentials, called square- 
tiled surfaces. The connected components of Wd were classified in |HL06| when 
D is the square of a prime, and in [McM05a] for arbitrary D. Theorem [L4] cal- 
culating x(W / J>) was established in |HL06j when d is prime and was conjectured 
for arbitrary d. In [LR06] Lelievre and Royer established Theorem 11.41 inde- 
pendently by counting square-tiled surfaces using the theory of quasimodular 
forms. 

With the calculation of x(Wd), we now know the Euler characteristics of all 
of the Teichmiiller curves in M 2 which are generated by Abelian differentials 
with a double zero. The number of cusps of Wd was calculated by McMullcn 
in [McM05a] . We can also calculate the number of elliptic points on Wd using 
known formulas for the numbers of elliptic points on Xd and Pd- Thus we can 
calculate the genus of Wd for any D. At this point we don't know the number 
of elliptic points on the components W D , so we can't calculate the genus of these 
components, but we would conjecture that the two components have the same 
number of elliptic points and genera if D is not square. The curve Wd is defined 
over Q, so the Galois automorphism a of Q(VD) acts on the Q points of Wd- 
An alternative approach to showing that x(W-£>) = x(W D ), as well as showing 
that the components have the same number of elliptic points and genera, would 
be to show that a permutes the two components of Wd ■ 
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Harvard. I would like to thank my advisor, Curt McMullen, for his invaluable 
help with every stage of this work. I would also like to thank Sabin Cautis, Alex 
Eskin, Florian Herzig, and Howie Masur for useful conversations, and I would 
like to thank Joe Harris and Yum-Tong Siu for reading an earlier version of this 
paper. 
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2 Abelian surfaces and real multiplication 



We discuss in this section the necessary preliminaries involving Abelian surfaces. 
In £ )2.1[ we discuss the Sicgel modular varieties which parameterize Abelian 
varieties. In £12.21 we introduce real multiplication, and in £12.31 we discuss 
Hilbert modular surfaces. 



2.1 Abelian surfaces 

Abelian varieties. A complex torus is a quotient A — V/A, where A is a 
lattice in a finite dimensional complex vector space V. A principal polarization 
on A is a Hcrmitian form H on V such that Im H takes integral values on A x A, 
and the pairing 

Im H : A x A -> Z 

is unimodular. A principally polarized Abelian variety is a complex torus equip- 
ped with a principal polarization. 



Siegel modular varieties. The Siegcl upper half space is 

Kg = {Z G M g (C) : Z* = Z,lmZ > 0}, 

an open subset in the g(g + l)/2 dimensional space of symmetric matrices in 
Mg(C). The group Sp 2ff K acts on Ti. g as a group of biholomorphic transforma- 
tions by 

^ Z=(aZ + (3)( 1 Z + 8)- 1 



(2.1) 



Equip A = I? 9 with the usual symplcctic form defined by the matrix, 

I 

-I 



Following |BL04j . we define for each Z £ Ti. g a principally polarized Abelian 
surface Xz together with a symplectic isomorphism A — * iTi(X^;Z). For Z 6 
Kg, let 

A z = (Z,I)A, 

a lattice in C 9 . Let Xz = C 9 /Az, and give Xz the polarization coming from 
the Hermitian form on C 9 defined by the matrix, 

(ImZ)- 1 . 

It can be shown that two given points Z, Z' € H. g , the polarized Abelian surfaces 
Xz and Xz> are isomorphic if and only if Z and Z' are equivalent under the 
action of Sp 2ff Z. 

The Siegel modular variety is A g = 7i g /Sp 2ff Z. From the previous para- 
graph, we obtain: 

Theorem 2.1. The normal analytic space A g is the moduli space of principally 
polarized Abelian varieties of dimension g. 
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Satake compactification. Following }vdG88j , we briefly describe the Satake 
compactification A g of A g , introduced by Satake in |Sat56bj . 
The transformation, 

2h (1 + iZ)(l - iZ)' 1 , 
maps TL g biholomorphically onto the bounded symmetric domain, 

V g = {Z e M g (C) : Z = Z\\ g - Z~Z > 0}. 
For r < n, we map T> r into T> g by 

7 ( Z 
Z ^{0 ln_ 

and let 

V *9= U U ^ 

0<r<g/ieSp 2g Q 

Satake defined a natural topology on T>* for which the action of Sp 2g Q extends 
continuously to an action on V* . With this topology, the Satake showed that the 

quotient A g = 2?*/Sp 2ff Z is a compact, normal complex analytic space which 
contains one copy of A r for each r < g. Baily showed in iBai58J that A g has 
the structure of a normal projective variety. 



2.2 Real multiplication 

Quadratic orders. Let K be a quadratic field or Q © Q. A quadratic order 
is a subring O of K such that 1 £ O and CS> Q = i^. Any quadratic order is 
isomorphic to one of 

O d =Z[T}/(T 2 + bT + c), 

where b, c £ Z and 6 2 — 4c = D. The isomorphism class of Od only depends 
on 13, so this defines a unique quadratic order for every nonzero integer D = 
or 1 (mod 4). This integer D is called the discriminant of Od, and D is a 
fundamental discriminant if D is not of the form f 2 E for some integers / and 
E with E = or 1 (mod 4) and / > 1. 

If D is not square, then Od is a subring of Q(Vd), and Od is the ring of 
integers of Q(v / Z3) if and only if D is a fundamental discriminant; otherwise, 
is a subring of the ring of integers. If D is square, then Od is a subring of 
Q © <Q>. In that case, 

O d 2 = {(x, y) e Z x Z : x = y (mod <£)}. (2.2) 

We will regard Q © Q as an extension of Q by the diagonal map Q — > Q © Q. 
The Galois automorphism of Q © Q is (x,y)' = (y,x), and we can use this to 
define norm and trace on Q © Q as for a field. 

For the rest of this paper, fix two nonzero homomorphisms Li : Od - * R- If 
13 is not square, then is an embedding, and if D is square, then tj is induced 
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by one of the two projections Z © Z — * Z. We will often abuse terminology 
and call Li an embedding even when D is square. We will also use the notation 
A« = ti(A). 



Inverse different. Given a quadratic order Cd, the inverse different is the 
fractional ideal, 

0^{« K D : Tr(xy) e Z,Vzj e 

More concretely, 



1 

where if D = d 2 , we interpret v^D to be (d, —d). 

We equip 0_d © 0^ with the unimodular symplcctic pairing, 

(Oi,yi), (2:2,2/2)) = Tr(xiy 2 - z 2 j/i). 



Real multiplication. Consider an Abelian surface A = V/A. Real multipli- 
cation by Od on A is a monomorphism p: Od — > End(^4) (where End(A) is the 
ring of holomorphic endomorphisms of A) with the following properties: 

• For each A £ Od, the lift p(A) : V —> V is self-adjoint with respect to the 
Hermitian form on V given by the polarization of A. 

• p is proper in the sense that it doesn't extend to a monomorphism 

p' : O e -> End(A) 

for some C_b D Cd - that is, for some Oe with E = / 2 Z? for some / > 1. 

Let Q(A) = V* be the space of holomorphic one-forms on A. Since the real 
multiplication is self-adjoint, there is an eigenspace decomposition 

n{A) = a 1 (A)®n 2 (A). 

We order the eigenspaces so that p(X) ■ uj = X^lu for uj e fl l (A). 



2.3 Hilbert modular surfaces 

For any quadratic discriminant D, let Kd = Od ® Q, which is Q(y/~D) if D is 
not square and is Q © Q if D is square. Define the group, 

SL(O d © O d ) = I ^ eSI**r D :ae0 D ,&e(O£)-VeO£,de0i>}. 

SL(0£> © 0^) has two embeddings in SL 2 M induced by the two embeddings 
H : Kd — > R. 
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Definition. The Hilbert modular surface of discriminant D is the quotient, 

X D = H x M/SL(O d © O d ), 
where SL(O d O d ) acts on M x H by 

(Zi,Z 2 ) 



c dj v ^'"> VcWzi+dW c( 2 )z 2 + d( 2 ) , 
There is an isomorphism SL(0£> O^,) — ■» SL 2 0£) defined by 



v c d/ I-v/Dc d 
and the map T:ixi^ix (— H) induces an isomorphism, 

X D = H x (-H)/SL 2 Od- 

Theorem 2.2. XTie Hilbert modular surface is the moduli space of all pairs 
(A, p), where A is a principally polarized Abelian surface, and p: Ojj — > End(A) 
is a choice of real multiplication on A. 

Sketch of proof (following McMbf ). Given r = (n, t 2 ) e H x M, let 

<f> T : O d ffi 0£ 

be the embedding, 

^(x,y) = (x( 1 )+y«ri ) x( 2 )+j/( 2 )r 2 ). 

Let ^4 T = C 2 /<j> T (Or} O^,) with the principal polarization induced by the 
symplectic pairing on Od®O d . This polarization is also given by the Hermitian 
form, 

H T (z,w) = - zxwi + - z 2 w 2 - (2.3) 

1m Ti 1m T 2 

Define real multiplication on A T by 

X-(z 1 ,z 2 ) = (X^z 1 ,X^z 2 ). 

We thus get a map from H x EI to the set of all triples (A, p, <f>), where (A, p) is 
a principally polarized Abelian surface with real multiplication by Od, and (f> is 
a choice of an O^-linear, symplectic isomorphism <f>: Od © O d — > Hi(A;Z). 
Given 

let 

a —6 
-c d 
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and define 

, /(cWn + dW)" 1 

^ T i~\ ( c (2) T2 + d (2))-l 

We have the following commutative diagram. 



(2.4) 



o D ®o D 

a* 

O d ®O d 



x(a,T) 



C 2 



Thus x(ff j r ) induces an isomorphism between A T and A g . T which preserves the 
polarizations and commutes with the action of real multiplication. We then get 
a map from Xd to the set of all principally polarized Abclian surfaces with a 
choice of real multiplication, which can be shown to be a bijcction. ■ 

Replacing each pair (A, p) with (A, p'), where p' is the composition of p with 
the Galois automorphism of Od, induces an involution r of Xd- The lift of r 
to the universal cover ixiof X D is given by f(zi, z 2 ) = (z 2 , Z\). 

There is a natural map j : Xd — > A 2 which forgets the choice of real multi- 
plication. This map j is generically two to one and is equivariant with respect 
to r. 



Baily-Borel compactification. We can regard the boundary dM. C P : (C) 
as P^R) = tU {oo}. Given a real quadratic field K C R, define an embedding 
P^/v) -> P(R) 2 by 

[x : y] h-> ([x : y], [x' : y']). 
When D is not square, define via this embedding 

(H x M) D = (i x H) U P^A'o). 

When D is square, define 

(H x H) d = (HUP X (Q)) x (HUP X (Q)). 

We give H U P 1 (Q) the usual topology where if r G P 1 (Q), then a basis of 
open neighborhoods of r is given by sets of the form U U {r}, where U C H is 
an open horoball resting on r. We then give (H x H) d 2 the product topology. 
When D is not square, there is a similar natural topology on (H x M)r>, which 
is described in |vdG88j . 

The action of SL(O d © O y D ) onixi extends continuously to (H X M) D . 
The quotient, 

Xd = (H x M) d /SL{O d © O d ), 

is compact and Hausdorff. The space Xd is the Baily-Borcl compactification of 
X D . 
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Theorem 2.3 ( Bai58j). The compactification Xjj is a normal, projective, al- 
gebraic variety. 

When D is not square, Xjj \ Xp consists of finitely many points, which we 
will call the cusps of X D . When D = d 2 , the image of P X (Q) x P 1 (Q) in X d 2 
also consists of finitely many points which we will call the cusps of X d i ■ In X d 2 , 
let 



and let 



i& = * U Hx w 



R%=k\ U W 



where n: (ixi)fl^ Xp is the natural quotient map. Then we have a disjoint 
union, 

x d2 ^x^nR^nR^nc, 

where C is the set of cusps of X d 2 . 
For d€N, define 

r i(0=j(^! gj eSL 2 Z:a = e = l (mod d), and c = (mod d) 
Proposition 2.4. The curve R l d2 is irreducible, and 

j&sH/rxCd). 

Proof. By ()2.2|) . we can regard SI^Ocp as 

{(A, B) G (SL 2 Z) 2 : A = B (mod d)}. (2.5) 

Since SL 2 Z acts transitively on P 1 (Q) , we have 

R d 2 = H x {oo}/ Stab Hx{oo} . 

The matrices A in the pair (A, B) £ Stabjjxjooj. are exactly the matrices which 
are congruent to an upper triangular matrix mod d. Thus R d2 is as claimed. I 

When D is not square, the cusps of Xjj are complicated singularities; how- 
ever, when D is square, they are just orbifold singularities. 

Proposition 2.5. The Baily-Borel compactification X<p is a compact, complex 
orbifold with singularities at the elliptic points of X d i , the elliptic points of R d2 , 
and possibly the cusps of X d 2 . 
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Proof. Consider the principal congruence subgroup, 

r(d) = {A e SL 2 Z : A = I (mod d)}. 

The product, 

T{d) x r(d) C SL 2 O d 2, 
is a finite index, normal subgroup. We have, 



(H x H) da /(r(d) x r(d)) = H/r(d) x H/r(d), 
which is a manifold, so 



x d 2 = (H/r(d) x H/r(d))/G, 

where G = SL 2 d 2/(r(<i) x a finite group. Thus X d 2 is compact orbifold 

with singularities at the fixed points of G. I 

The involution (zi, z 2 ) i— > {z%, z{) of EI x EI extends continuously to (HxH)b, 
so the involution r extends to an involution r of X^, which preserves the cusps 
of Xd. If D — d 2 , then we also have t{R] 1 - 2 ) = R^ 2 - 

Theorem 2.6. The natural map j : Xd — > -A 2 extends to a finite morphism 
j : Xd — > *4 2 which sends the cusps of Xd to the point Aq € Ai and sends the 
curves R D to A\ . 

This allows us to define Xd alternatively in terms of the image of Xd in -4 2 . 
Recall the notion of the normalization of a variety in a finite algebraic extension 
of its function field discussed in 

Corollary 2.7. The Baily-Borel compactification Xd is the normalization of 
the closure of j{Xd) in A2 in the field K(Xd), the function field of Xd- 

Line bundles on Xd- We now discuss some bundles on Xd, which will be 
used in U5J For i = 1 or 2, define an action of SL(C D O y D ) on (H x H) x C by 



a b 
c d 



The quotient is a line bundle over Xd, which wc call Li. 

We define a Hermitian metric hi on (I x I) x C by defining on the fiber 
over (zi,z 2 ), 

hi(w,w) = yf\w\ 2 . 

The metric hi is SL(Od ® 0^)-invariant, so it descends to a Hermitian metric 
hi on Li. The Chern form of hi is, 

1 

c\{Li,hi) = --ddlog(yi) 

7T 



1 dxi A dy 
2tt y. 



2 , (2-6) 
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so the Chern form of hi is C\(Li, hi) = u>i, where u>i is the 2-form on Xd covered 
by the form on Hxl. 
Define line bundles, 

VeXn = : AeX D and lu G Q\A)}, 

and 

Q l X D = {WX D )®\ 

for i = 1 or 2. We will mostly use these bundles when i = 1, so we will write 
QX D or QXfl for fi 1 ^ or Q 1 X D . 

For ^4 G Xjj, the polarization defines a Hermitian metric on 0(A), which 
restricts to a Hermitian metric on iV'(A). Put this Hermitian metric on each 
n z (A) to define a Hermitian metric h l Q on Vl 1 Xd- Let /ig be the induced metric 
on Q l X D . 

Proposition 2.8. There is an isomorphism Li — ► Q % Xd which preserves the 
Hermitian metrics on these bundles. Thus, 

c 1 {Q % X D ,h l Q) = uj t . 

Proof. Define a map / : (H x I) x C -> Q l X D by 

(r, w) I— > (A r , to ), 

where A T = C 2 /</>r (Co © £>£,) is as in the P roof of Theorem O With x {g, r) 
as in (|2.4p . we have 

x(g,rUzf = (c^n + d^fdzf. 

This means that / descends to an isomorphism Li — ► Q l Xn as claimed. The 
fact that this isomorphism preserves the Hermitian metrics follows directly from 
the formula (|2.3|) for the polarization. ■ 

The product foliation of H x H with leaves of the form {c} x H is invariant 
under SL(0£> © O^). Let „4d be the induced foliation of Xd, and let 

T*A D -» X D 

be the line bundle whose fiber over a point p is the cotangent bundle to the leaf 
of Ad through p. We give the leaves of Ad their hyperbolic metric, and give 
T* Ad the induced Hermitian metric h J \ D . The following is easy to check. 

Proposition 2.9. There is an isomorphism L 2 — * T* Ad preserving the Her- 
mitian metrics. Thus, 

Ci{T*A D ,h AD ) = uj 2 . 
The following relation between {IX d and T*Ad will be used in i j 101 
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Proposition 2.10. For any p £ Xd. there is a neighborhood U of p in the leaf 
L of Ad through p and a section lo offlXr) over U such that the periods of the 
forms uj(z) are constant over U . 

Proof. Let 

lie over p in the universal cover of Xrj. Define a section s of QXd by 
s(ti,t 2 ) = dzi £ Q l (A (Tl ^ T2) ), 



with A T as in the proof of Thcorcm l2.2l By the definition of A T , the periods of 
s(ti, t 2 ) only depend on T\, so are constant along Ad- B 

Euler characteristic of Xd- We now discuss the Euler characteristic x(Xd), 
which by the generalized Gauss-Bonnet theorem is given by the volume, 



x(Xd) = wiA UJ2, 

JXd 

where uj\ are the 2-forms on Xd dehncd by (|2.6[) . The volume of Xd was 
calculated by Siegel when D is a fundamental discriminant. 

For any number field K , the Dedekind zeta- function of K is defined by 



where the sum is over all nonzero ideals a C O with O the ring of integers in 
K . If K = Q, then is just the Riemann zeta-function. The definition of C,k 
also makes sense if K = Q © Q. In that case, 

CoeQ( s ) = Cq(s) 2 - 

Cif can be analytically continued to a meromorphic function on C which has a 
simple pole at s = 1. 

Theorem 2.11 ( [Sic36j ) . When D is a fundamental discriminant, and D ^ 1, 

X (X d )=2( Kd (-1). 

Wc will also want to know \{Xd) when D is not a fundamental discriminant. 
For integers a and b with b > 0, let 



be the Kronecker symbol, defined in |Miy89[ p. 82]. 
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Theorem 2.12. If D is a fundamental discriminant, and f G N, then 
x(Xp D ) = 



1/36 ifD = f = l; 
1/6 ifD = l and f = 2. 



Otherwise, 

D\ M (r) 



Remark. When D = 1, (|2.7p reduces to 

r\d 

We will derive Theorem 12. 121 from Theorem 12. Ill in a sequence of lemmas. 
Lemma 2.13. We have, 

[PSL 2 Z x PSL 2 Z : PSL 2 C 4 ] = 6, 

and 

[PSL 2 Z x PSL 2 Z : PSL 2 O d 2] = ]-d 3 ^ ^ 



2 

r\d 



ifd> 2. 



Proof. We will regard SL 2 C^2 as the subgroup of SL 2 Z x SL 2 Z given in (|2.5j) . 
The natural map, 

SL 2 Z^ SL 2 (Z/d), 

is surjective by |Miy89| Theorem 4.2.1] and has kernel the principal congruence 
subgroup r(d), so we have the exact sequence, 

-> T(d) x r(d) -> SL 2 O d 2 -► SL 2 (Z/d) -► 0. 

Thus, 

[SL 2 O d2 : r(d) x r(d)] = |SL 2 (Z/d)|, 

and 

= |SL 2 (Z/d)|. 

By |Miy89| Theorem 4.2.4], 

|SL 2 (Z/d)|=d 3 £^). 

r|d 

The kernel of SL 2 Z x SL 2 Z -> PSL 2 Z x PSL 2 Z has order 4, and the kernel 
of SL 2 C (J 2 — ► PSL 2 O d 2 has order 4 if d = 2, and order 2 if d > 2. The desired 
formulas follow from this and 
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Lemma 2.14. For any fundamental discriminant D ^ \, we have, 



[PSL 2 D : PSL 2 O pd ] = f JJ ( 1 - ( ~ ) 



P- 2 



r\f 

Proof. Since the map Sh 2 Of2 D — > PSL 2 0y2£) has kernel ±J, we have 
[PSL 2 D : PSL 2 O f 2 D ] = [SL 2 O d : SL 2 /2r >]. 
The natural map, 



SL 2 D /SL 2 O f 2 D ^ J] SL 2 (Oz,/p)/SL 2 (Z/p), 
pI/ 

p prime 

is a bijection. Thus, we need only to show that 



[SL 2 (O d / P ) : SL 2 Z] =p 3 



for every prime p\f. 

First, suppose that (D/p) = — 1. This means that p remains prime in Od, 
so Od/p — IFp2 , where we write F g for the unique finite field of order q. It is 
easy to show that 

|SL 2 F g | = q 3 - q, 

for any q. Thus 

[SL 2 F p2 : SL 2 F p ] = p 3 + p 

as desired. 

Now suppose that (D/p) = 1. This means that p splits in On, so Od/p — 
F p © F p . Therefore, 

[SL 2 (0 D /p) : SL 2 (Z/p)] = [SL 2 F p x SL 2 F p : SL 2 F p ] 
= |SL 2 F P | 

3 

= p -p. 

Finally, suppose that (D/p) = 0. This means that p ramifies in Od, so 
O d /p = F p (e)/(e 2 ). We have 



if and only if 



ad-bc=l, and (2.9) 
da' + ad' -cb' -be' = 0. (2.10) 
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For any (a, b, c, d) satisfying (|2.9p , there are p 3 solutions to (|2 . 1 0|) . Thus, 
[SL 2 (F p (e)/(e 2 )):SL 2 F p ]=p 3 . 



Proof of Theorem \2.12\ Since the natural map Xf2 D — > Xd is an orbifold cov- 
ering map. we have 

X{X PD ) = x{XdW$UO d : YSUOp D ], 

so the claim follows from Lemma r2.13[ Lemma \2. 141 and Thcorcm l2. Ill together 
with 

xm = i 

because X 1 ^ H/SL 2 Z x H/SL 2 Z, and 

X (H/SL 2 Z) = -i 



Modular forms. For any fundamental discriminant D > 0, define 
ff(2,/ 2 £) = -12<^(-l)£>(r) (-) ras U 

where 

d\ n 

and we also adopt the convention that 

^m(O) = ^Cq(-w), 
and a m (n) = if n < 0. Also define 

J ff(2,0) = C Q (-3) = T ^. 

The function H : W -> C, 



H(r)= ^ H(2,D)q D , (with g(r) 



e 2l ™ r l 



D=0.1 (4) 
£>>0 

= -^-s'-s' 4 -I' 5 -' 8 -S' , - 2 ' 12 - 2 ' I3 -§' ls -- 

was shown by Cohen in |Coh75| , to be a modular form of weight 5/2 for the 
group r (4). See the discussion in Chapter IX of |vdG88j for more about this 
form and its relation to Xjj. 
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It is an elementary argument using Mobius inversion to show that for any 
fundamental discriminant D and / € N, 




(2.11) 



From this and Theorem 12. 121 we obtain: 

Theorem 2.15. If D ^ 1 is a fundamental discriminant, then 

r\f 

Siegel and Cohen gave the following simple formula for H(2, D). 
Theorem 2.16 ( [Sie69LlCoh"75] ). If D is not square, then 

e=D(2) V 7 

When D is square, 

e=D (2) V 7 

We will obtain an alternative proof of these formulas in CTT1 

The product locus. In Xrj, define the product locus Pd to be the set of all 
A e Xd such that A is a polarized product of elliptic curves. The locus Pd 
was studied in [McM05a] and IMcM b . The locus Pd is also a union of modular 
curves, which were studied in |Hir73j and |vdG88j . 

Let Pd C i x I be the inverse image of Pd in Xd- The locus Pd is a linear 
sub variety of Xd in the following sense. 

Proposition 2.17 ( McM05a ). Pd is a countable union of graphs of Mobius 
transformations H —> H. 

The goal of the rest of this section is to calculate x(Pd)- Wc will work with 
an auxiliary covering space Qd of Pd defined as follows. 

Let VLQ be the space of elliptic curves equipped with Abelian differentials; 
that is, 

flQ = flAi x 04i = GL+M/SL 2 Z x GL+R/SL 2 Z, (2.12) 

where GL^"R is the subgroup of GL 2 K consisting of matrices of positive deter- 
minant. In HQ, let HQd be the locus of pairs ((Pi,wi), (p2,w 2 )) such that the 
product 

(Ei,wi) ® (E 2 ,u 2 ) ~ {Ei x E 2 ,lui+lu 2 ) (2.13) 
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is an eigenform for real multiplication by Od- Let 

Q D =VSIQ d . 

We now describe the connected components of VlQo following McMOSa . A 
prototype for real multiplication hy Od is a triple of integers (e,l, m) such that 

D = e 2 + 4Z 2 ra, l,m>0, and gcd(e, I) = 1. 

To each such prototype, we associate a prototypical eigenform Q(e,l,m) as 
follows. Let A be the unique positive root of A 2 — eA — l 2 m = 0, and consider 
the lattices, 

Ai = Z(A, 0) © Z(0, A) (2.14) 
A 2 = Z(Zm,0) ©Z(0,Z). 

Let = C/Aj, and equip i?i with the form covered by c?z on C. Let 

C(e,i,m)= (Bi,wi)e(^a,wa). 

From the description of £IQ in (|2.12p . we obtain an action of GL^IR on QQ 
induced by the diagonal action of GL^M on GL^IR x GL^KL 

Theorem 2.18 ( [McM05"al Theorem 2.1]). The locus VlQr> is invariant under 
the action of GL^IR. Each component is a GL^R orbit which contains exactly 
one prototypical eigenform Q[e,l,m) and is isomorphic to GL^R/ro(m). 

Remark. Here To(m) is the congruence subgroup of SL2Z defined by 

{ (c d) G SL2Z : C = ° ^ m ° d TO ' ) 
Theorem 2.19. For any nonsquare discriminant D, we have 

x(Qd) = -5 X (X D ). (2.15) 
If D = d 2 with d > 2, then we have 

x(Q d *) = -^d 2 (5d-6)J2^r- (2.16) 

r\d 



r (m) 



Proof. We first claim that 



H/ e=/ 2 D(2) V 7 

-f^D<e<fVD 

for any fundamental discriminant D and / G N. By Thcorcm l2.181 there is one 
component of Qd for each prototype (e, I, m) which is isomorphic to H/ro(m). 
By |Miy89[ Theorem 4.2.5], 

X (H/r (m)) = i>(m), 
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where 

ip(m) = —-m + ~ 



6 

p\m 
p prime 



It is elementary to show that for any n G N, 



n—l m 



By Theorem [HHl 



^2x(Qpd)= E il>{m) 

r\f f 2 D=e 2 +4l 2 m 
l,m>0 



1 x ^ ff 2 D-e 2 
6 



E 



e=fD (2) 
-fVD<e<f^D 

which proves (|2.17[) . 

If D =/= 1 is a fundamental discriminant, then for any JgN, we have 

r|/ r\f 

by Theorem [HT3 and (|2~T7)) , which proves (|2~T5)l . 
Now for any ci € N, we have 

^ + E^ 2 ) = ^( 2 ' d2 ) + ^ ( 2 - 18 ) 

by Theorem 12.161 and (|2.17p . and using the convention that Ci(0) = —1/24. 
From (|2.11[) . we get for any dgN, 



*(m 2 )=e(-^ 3 e 

s I d \ r | s 



/z(r) 



(2.19) 



It follows from Mobius inversion that for any d 6 N, 

/x(r) 



<* 2 = E KE^I- ( 2 - 2 °) 

s|rf \ r\s 



Define 

'l/72 if d = 1 



/(d) 



x (g d 2) if d > i. 
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Combining (|2~Tg)) . $nty . and (|2^0"j) . we obtain 

e/<»>=e(B» 3 +iH£# 

which implies (|2.16p by Mobius inversion. ■ 

There is an involution of QQd which interchanges the order of the two factors 
in (|2.12[) . This involution preserves QQd an d so restricts to an involution r of 
£IQd- The involution r preserves the fibers of the bundle CIQd —> Qd, so it 
induces an involution r of Qd- 

Lemma 2.20. The involution f fixes pointwise the component of Qd containing 
the prototypical eigenform Q(e,l, m) if and only if 

TQ(e,l,m) = Q(e,l,m). (2.21) 

The only such component on which r is the identity is the one containing 
2(0,1,1). 

Proof. First, note that (|2.21|) holds if and only if Ai = A 2 in (|2.14|) . which is 
true if and only if m = 1 and A = I. The only prototype for which this holds is 
(0, 1, 1), so (f23T|) is true if and only if (e, I, m) = (0, 1, 1). 

Clearly, ()2.2ip must hold for r to be the identity on the component contain- 
ing Q(e,l,m). Conversely, if (|2.2ip does hold, then (e, I, m) = (0,1,1), and 

r(g ■ Q(0, 1, 1)) = g ■ Q(0, 1, 1) 

for any g G GL^IR because r commutes with the action of GL^M on QQd- 
Thus t fixes every point of the GL^~R-orbit of Q(0, 1, 1), which is exactly the 
component of Q,Q^ containing Q(0, 1, 1). ■ 

There is natural map tt : £IQ u — > flPo defined by 

tt((E 1 ,u 1 ),(E 2 ,oj 2 )) = {E 1 ,oj 1 )®{E 2 ,u) 2 ) (2.22) 

which descends to a map tt:Qd^ Pd- 

Lemma 2.21. The map if: Qr> — > Pd factors through to an isomorphism of 
orbifolds, ir : Qd/t — > Pd ■ 

Proof. The map W factors because the right hand side of (|2.22[) does not depend 
on the order of the Ei. It is clearly onto. That 7f is one-to-one follows from the 
following fact about Abelian surfaces: a principally polarized Abelian surface 
can have at most one representation as a polarized product of elliptic curves. I 

Theorem 2.22. If D is not square, then 

x(Pd) = ~\x{Xd). 
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IfD = d 2 , then 



when d > 2, and 



r\d 



Proof. By Theorem 12.181 Q4 consists of a single component, which contains 
Q(0, 1, 1). Thus by Lemmas 12.201 and 12 . 2 li P4 = Q4, and Qrj is a twofold cover 
of Pd when D > 4. The claim then follows from Theorem 12. 191 ■ 
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3 Prototypes 



3.1 Pd, Wdi and Yo-prototypes 

Curves in Yd \ Xp will be classified by certain discrete numerical invariants 
which we call Yd -prototypes. They are almost (but not quite) the same as the 
splitting prototypes introduced by McMullen in [McM05a] to classify the cusps 



Definition. A Yp-prototype of discriminant P is a quadruple, (a,b,c,q) with 
a,b,c € Z and q £ Z/ gcd(a, b, c) which satisfies the following six properties: 

1. b 2 — 4ac = D 

2. a > 

3. c< 

4. gcd(a,b,c,q) = 1 

5. a+b+c<0 

6. a + b + c and c are not both zero. 

Let yn be the set of Y^i-prototypes. Define a map A: 3^d — > _?Cd by associ- 
ating to each prototype P = (a,b,c, q) of discriminant P the unique algebraic 
number A(P) 6 K D such that aA(P) 2 + b\(P) + c = and A (1) > 0. This makes 
sense because if c < 0, then the two roots of ax 2 + bx + c = have opposite signs, 
and if c = 0, then the condition that a + b < implies that the nonzero root of 
a\ 2 + bX = is positive. It is easy to check that the last condition a + b + c < 
is equivalent to X^ > 1. 

We say that a prototype is terminal if a+b+c = 0; it is initial if a — b+c — 0; 
and it is degenerate if c = 0. Terminal, initial, and degenerate prototypes only 
arise if D is square. We define the involution, 



on the set of terminal prototypes. We consider two terminal prototypes to 
be the same if they are related by this involution. Similarly, we consider two 
degenerate prototypes to be the same if they are related by the involution, 



on the set of degenerate prototypes. 

Operations on Y^-prototypes. Given a nonterminal prototype P, define 
the next prototype P + by 



of W D - 



(a,b,c,q) h-> (-c,-b,-a,q), 



(3.1) 



(a,b,0,q) h-> (-b- a,b,Q,q) 



(3.2) 




(a, 2a + b,a + b + c, q), if4a + 2fe + c<0; 

(-a - b - c, -2a - b, -a, q), if 4a + 2b + c > 0. 
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Given a nondegenerate prototype P, define the previous prototype P by 

p_ I (a, —2a + 6, a — b + c, q), if a — b + c < 0; 
\(-c, -6 + 2c, -a + b-c, q), if a - b + c > 0. 

Its easy to check that P + and P~ are actually prototypes of the same discrim- 
inant and that 

(P+)" = (p-)+=P 

when these operations are defined. 
On the level of A(P), we have, 



A(P+) = 

and 

A(P-) = 



'A(P)-1, ifA(P)W-l>l; 
1/(A(P)-1), if A(P)W-1<1; 



fA(P) + l, if<-(A(P) + l)<0; 

\(A(P) + 1)/A(P), if<-(A(P) + l)>0. 



Define an involution t on the set of prototypes of discriminant D by 
t(a,b,c, q) 



(a, —6, c,q), if a — b + c < 0; 
(— c, 6, —a, q), if a — 6 + c > 0. 



Define the multiplicity of a nondegenerate prototype P by 

a;cd(a, c) 



mult(P) = 



gcd(a, 6, c) 



Pd and W^i-prototypes. In addition to the Yo-prototypes, we will define 
similar objects which we call Pd and Wd -prototypes. These will classify the 
cusps of the curves Pd and Wd- 

Definition. A Pd -prototype of discriminant D is a quadruple, (a,b,c,q) with 
a, b, c e Z and g£Z/ gcd(a, c) which satisfies the following five properties: 

1. b 2 — Aac = D 

2. a > 

3. c < 

4. gcd(a,6,c,q) = 1 

5. a + b + c<0 
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Note that the only difference between Yd and Po-prototypes are that for Pd- 
prototypes, q ranges in a potentially larger group, and c is not allowed to be 
zero. 

A Wd -prototype of discriminant D is a quadruple, (a, b, c, q) with a, 6, c € Z 
and q € Z/gcd(a,c) which satisfies the same properties as above except that 
the last one is replaced with 

a + b + c < 0. 

Let Vd and Wd be the sets of Pd and W^-prototypes. Just as for the 
Yo-prototypes, we have natural maps A: Wd ~ *■ Kd and A: Vd — ► Kd- By 
reducing q modulo gcd(a, b, c), there are natural maps Vd — ► and Wd — > 3^d- 

We will see in ^8. II that these maps encode intersections of cusps of Wd and 
Pd with curves in Yd \ Xd- 

Relation with splitting prototypes. In [McM05aj, McMullcn defined a 
splitting prototype to be a quadruple of integers (a, b, c, e). Splitting prototypes 
correspond bijectively to our Wd- prototypes by sending the splitting prototype 
(a, b, c, e) to the Wd -prototype (c, e, —b, a). 

3.2 Quasi-invertible C^-modules 

In this section, we will study a class of Ou-modules which arises naturally in 
the study of our compactification of the Hilbcrt modular surface. We will also 
study a class of bases of these modules whose combinatorics is closely related 
to the geometry of the compactification. This material will only be used in <J71 

Definition. An O^-module M is quasi-invertible if M = Z © Z as an Abclian 
group, and M contains some element x such that Ann(x) = 0. 

Examples. If I? is a fundamental discriminant, then every quasi-invertible 
0D-module is actually invertiblc. Since Od is a Dcdckind domain, the set of 
isomorphism classes of such modules forms a group, the ideal class group of Od- 

If D is not square, then a quasi-invertible 0D-module is just an invertiblc 
C_B-module over some order Oe containing Od- A quasi-invertible 0D>-modulc 
is invertible if and only if it is primitive in the sense that it is not also a module 
over any Oe containing Od- 

In this paper, quasi-invertible Ou-modules will arise in the following way: 

Proposition 3.1. If M C Od © O d is a Lagrangian O D-submodule which has 
Z-rank two, then M is quasi-invertible. 

Proof. This is trivial if D is not square because then Od © O d is torsion-free, 
so suppose D = d 2 . Let M C O^ © 0^ 2 be a rank two Lagrangian submodule 
which is not quasi-invertible, and let {wi,U2} be a basis of M. We must then 
have either (d, 0) • Ui = for i = 1,2, or (0, d) ■ Ui = for i = 1,2, or else there 
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would be some x £ M such that Ann(a;) = 0. For concreteness, suppose we are 
in the second case. Then we must have 



so Mi = ru2 for some r £ Q. This contradicts the fact that the Ui are a basis. ■ 

Embeddings in Kjj. A lattice in Kjj is a rank two Abelian subgroup. Given 
a lattice M C Kd, the set 



is called the coefficient ring of M . It is an order in Kd- 

Proposition 3.2. An Op-module M is quasi- invertible if and only if it is iso- 
morphic to some lattice M C Kd whose coefficient ring contains Od- 

If M is quasi- invertible, then the embedding M — > Kd is unique up to mul- 
tiplication by a non-zero-divisor in Kd- 

Proof. If D is not square, then it is clear that a lattice M C Kd whose coefficient 
ring contains Od is a quasi-invertible O^-module because M is automatically 
torsion-free. If D = d 2 , then M could have Ann (a;) ^ for every x £ M only if 
M C Q ® {0} or M C {0} © Q. This cannot happen because M has rank two. 

Conversely, suppose M is a quasi-invertible 0£>-module with x £ M such 
that Ann(x) = 0. Since M is torsion-free as an Abelian group, the natural 
map M — > M ® Q is injective. The tensor product M (g) Q is a A'^-modulc 
and a two-dimensional vector space over Q, so the map K M <E> Q defined by 
r i— > r-x is an isomorphism. The inverse of this map embeds M as a lattice whose 
coefficient ring contains Ojy. Since the image of x determined the embedding, 
it is unique up to constant multiple. ■ 

It is easy to identify the coefficient ring of a lattice in Kd- Let M\ be the 
lattice generated by {1,A}. For A £ Kd, let <fr\(t) be the minimal polynomial 
of A, the unique polynomial 4>\(t) = at 2 + bt + c such that a, b, c £ Z, a > 0, 
<K(A) = 0, and gcd(a,6, c) = 1. 



Proposition 3.3 f jBS661 p.136]). If X £ K D \Q with ^(t) = at 2 + bt + c, then 
the coefficient ring of M\ is the order Z[aA] , which is isomorphic to Ojy, where 
D = b 2 - 4ac. 



Ui = (( Oi ,0),(6i,0)) 



for some a±,bi £ Q. 

Since M is Lagrangian, we know that, 



= (u l7 u 2 ) = Tr, 




(O2,0) 

(62,0) 



{x £ Kd ■ xM c M} 
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Admissible bases. Since a quasi-invertible 0£>-module M can be embedded 
in Kd uniquely up to constant multiple, for any u, v € M with Ann(u) 0, 
the ratio u/v is a well-defined element of Kjj. 

Definition. A basis {u, v} of a quasi-invertible 0£>-module M is admissible if 
Ann(v) = and D < 0. 

We will consider two admissible bases of M to be equivalent if they are 
the same as subsets of M/ ± 1. The following proposition gives a complete 
classification of quasi-invertible 0£>-modules together with an admissible basis. 

Proposition 3.4. Every pair (M, {it, «}), where M is a quasi-invertible Od~ 
module together with an admissible basis {u,v}, is equivalent to one of the form 
(Ma,{1,A}), where A (1) > 1 and =0, where 

ip(t) =at 2 + bt + c 

for some integers (a, b, c) such that: 

1. b 2 - Aac = D 

2. a > 

3. c < 

4. a + b + c<0 

5. O d = Z[aA] 

Pairs (M\,{1, A}) and (Af^, 0/ this form are equivalent if and only 

if\ = l r\ 

Proof. If A > 1, then by Proposition ^. 21 there is a unique embedding M — > Kd 
which - after possibly switching u and v and changing their signs - sends u to 1 
and v to some X £ K with A^ 1 ) > 1. The coefficient ring of the image M\ is Oe, 
where D = s 2 E for some quadratic discriminant E. Let <t>\(t) = a't 2 + b't + c' 
be the minimal polynomial of A. By Proposition 13.31 we have b' 2 — 4a' c' = E 
and O e = Z[a'A]. We have d < because N^ D < 0. Since A (1) > 1, we know 
that a 1 + b' + c' < 0. The integers (a, b, c) = s(a' , b', c') then have the required 
properties. 

If A*- 1 - 1 = 1, then there are two embeddings M — ► Kd as above, one sending 
u to 1 and v to A; the other sending u to A" 1 and v to 1. As in the above 
paragraph, both embeddings yield a presentation of (M, {u,v}) in the desired 
form. ■ 

We can define a map from the set of nondegenerate Yo-prototypes to the 
set of isomorphism classes of admissible bases of quasi-invertible Ou-modules 
by sending P to (Mx(p), {1, A(P)}). This proposition implies that this map is 
onto and that two prototypes are sent to the same admissible basis if and only 
if their integers a, b, and c are the same. 
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Characterization of admissible bases. We now describe a useful charac- 
terization of admissible bases. Given two quasi- invertible O^-modules M and 
AT, a perfect pairing is a bilinear map 

h: M x JV-vZ 

such that 

fe(A -x,y) = h(x, A • y) 

for each x & M, y & N , and A € On, and such that the induced map M — > 
Hom(iV, Z) is an isomorphism. 

Given such a perfect pairing and a basis {u 1 v} of M , let {u* , u*} be a dual 
basis of N, and define 

sign(u, v; h) = sign(iM(u)bAf(v)iN(u*)iN(v*)), 

where lm and ln are ti-linear, nonzero maps M — > M and A~ — > R. Note that 
sign(u, u; h) is invariant under changing the sign of u or v as well as independent 
of the choice of lm and ln- 

Theorem 3.5. Given a quasi-invertible Op-module M, a basis {u, v} is an 
admissible basis if and only i/sign(u, v; h) = 1 for some (or any) perfect pairing 
h: M x N -> Z. 

Proof. Assume that M is embedded in K]j. If = or v^ 1 ' = 0, then 
sign(w, v; h) = 0, and the basis is not admissible, so we are done. Since M is 
quasi-invertible, it can't happen that = = 0, so assume ^ 0. 

Assume without loss of generality that u = 1 . By possibly changing the sign 
of v, we can suppose v*- 1 ' > 0. Then i/ 2 ) < if and only if {u, v} is admissible. 
Since N and the perfect pairing h are unique up to isomorphism, we can suppose 
without loss of generality that A" = M v , the inverse different of M, and that h 
is the trace pairing M x Al v — > Z. 

Define 

-v' 

v — v 1 
1 

v — v' 

It is easy to check that {u* , v*} is dual to {u, v} with respect to the trace pairing. 
If {u,v} is not admissible, then < 0, in which case (u*)^\ > 0, so 

sign(w, v; h) > 0. If {u, v} is not admissible, then > 0. If > 0, then 
and (v*)^ have opposite signs, so sign(u, v; h) = — 1. If = 0, then 
(li*)^ 1 ) = 0, so sign(u, v; h) = 0. ■ 

Admissible triples. We are also interested in special triples of elements of 
quasi-invertible Ou-modulcs which will arise naturally in the study of the com- 
pactification of the Hilbert modular surface. 
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Definition. An admissible triple in a quasi-invertible O^-module M is an un- 
ordered triple of elements {a, b, c} C M / ± 1 such that: 

• ±a ± b ± c = for some choice of signs. 

• Some pair of elements of the triple form an admissible basis of M . 

Proposition 3.6. Every pair (M, T), where M is a quasi-invertible O ^-module 
with an admissible triple T C M , is equivalent to one of the form 

(M A ,{1,A,A-1}), 

where A^ 1 ' > 1 and 

aX 2 + bX + c = 
for some integers (a, b, c) such that: 

1. b 2 — 4ac = D 

2. a > 

3. c< 

4. a + b + c<0 

5. a + b + c and c are not both zero. 

6. O d = Z[aA] 

Two such pairs (M\, {1, A, A — 1}) and (M^,, {1, ^, (i — 1}) are equivalent if 
and only if A*- 1 -* = 1 and p, = A -1 or if A*- 2 -* = and fj, = A/(A — 1). 

Proof. Let {u, v, w} C M be an admissible triple and assume that M is embed- 
ded in Kd- This triple contains at least one admissible basis, so assume without 
loss of generality that {u, v} is an admissible basis. There are now three cases 
to consider, depending on whether Ann(w) = 0, it/ 1 ) = 0, or = 0. 

First suppose that Ann(w) = 0. Then {u, v, w} contains exactly two admis- 
sible bases because 

Suppose without loss of generality that u is contained in both bases. Dividing 
everything by u, we can assume u = 1. By possibly switching v and w and 
changing their signs, we can put the triple uniquely in the form {1,A, A — 1} 
with A^ 1 ) > 0. Let (a, 6, c) be as in Proposition 13.31 applied to M\. Since 
A«A( 2 ) < and (A^ - 1){X^ - 1) < 0, we must actually have A^ > 1, and it 
follows that a + b + c < 0. The other necessary properties of a, b, and c follow 
from Proposition 13.31 

Now assume w^> = 0. In this case, Kd = Q © Q, and there are two ways 
two put the triple in the form, {1, A, A — 1}, where A = (1, s) with s < 0: either 
divide {w, v, w} by u, or divide by v and swap the first two elements. With 
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(a, b, c) as in Proposition 13.31 applied to M\, it follows that a + b + c = and 
c < 0. The other necessary properties are clear, and the two A which arise in 
this way are u/v and v/u, so they are reciprocal. 

Now assume = 0. Dividing the triple by u and switching v and w puts 
it in the form {1, A, A — 1} with A = (s, 0). Since A — 1 = (s— 1, —1) has negative 
norm, we must have s > 1. It follows that if (a,b,c) are as in Proposition 13.31 
applied to M\, we must have c = and a + b < 0. Alternatively, wc could 
have divided the triple by v and rearranged the elements to put it in the form 
{1, fi, [i— 1} with fi = (t, 0). Then t > 1 by the same argument, and t — s/(s— 1). 

The converse statement that triples of the given form are admissible is not 
hard and will be left to the reader. ■ 

Just as for admissible pairs, we can define a map from the set of Yd pro- 
totypes to the set of isomorphism classes of quasi- invcrtible 0£>-modulcs with 
admissible triples, sending (a,b,c,q) to A, A — 1}) as above. Since we 

identified two terminal or degenerate prototypes if they are related by the invo- 
lutions (|3.1[) and (|3.2p . two prototypes have the same image if and only if they 
have the same q. 
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4 Abelian differentials 



In this section, we recall known material about Abelian differentials (holomor- 
phic one-forms) on compact Ricmann surfaces. In <j47TJ we discuss the flat ge- 
ometry associated to an Abelian differential. In i j4.2l we discuss moduli spaces 
of Abelian differentials and the action of SL2K on these spaces. In H4.31 we 
discuss McMullen's results on the dynamics of this action in genus two. 

4.1 Flat geometry of Abelian differentials 

A Ricmann surface with a nonzero Abelian differential (holomorphic one-form) 
carries a canonical flat geometry, which is closely related to the study of billiards 
in rational angled polygons, as well as the study of flows on moduli space. In this 
paper, this geometry will be useful because it will allow us to deform Abelian 
differentials using some concrete cut-and-paste operations which we will describe 
in this section. 

Translation surfaces. Let A be a Riemann surface with a nonzero Abelian 
differential oj, and let Z(ui) be the discrete set of zeros of u>. Every point of X 
which is not a zero of u has a neighborhood U and a conformal map <fi : U —> C 
such that lu\u — <j)*{dz). The conformal map <f> can be defined explicitly by 




for a choice of base point zq. These coordinates <j> are unique up to translation 
by a constant. 

We can also put w in a standard form in the neighborhood of a zero or a 
pole at zq. There is a neighborhood U of zq and conformal map 

0o : (£/,*))-► (C,0) 

such that 

{4>Q(z n dz), if zq is not a simple pole; 
(4.1) 
<pQ(adz/z), if zq is a simple pole with nonzero residue a. 

Since the local coordinates <j) away from the zeros of lo are unique up to 
translation by a constant, any translation invariant geometric structure on C is 
inherited by X. In particular, X inherits a flat metric and an oriented foliation 
Th coming from the foliation of the plane by horizontal lines. More generally, 
for slope s e P 1 (M), the surface X has an orientable foliation T s coming from 
the foliation of C by lines of slope s. 

In terms of the Abelian differential uj, the flat metric is just A vector v 
is tangent to in the positive direction if u)(v) > 0. 

The flat metric has singularities at the zeros. From the coordinates (|4.1|) , 
we see that a zero of order n has a neighborhood isometric to a cone with cone 
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Figure 2: Zeros of order one and two. 



angle 27r(n+l), and the foliation Th has 2n + 2 leaves meeting at the zero. Zeros 
of orders one and two together with the foliation Tn are pictured in Figure [2l 

To summarize, we have associated to an Abelian differential (X,tu), a flat 
metric on X \ Z(u>) together with a horizontal foliation Th which is parallel 
with respect to a metric such that the points of Z(oj) are cone singularities of 
the metric. A surface with such a structure is sometimes called a translation 
surface. A translation surface is equivalent to a Ricmann surface with a nonzero 
Abelian differential. 

A geodesic on (X,u>) is called straight if it does not pass through any zeros 
of to. A straight geodesic which joins two zeros is called a saddle connection. 
Any straight, closed geodesic is contained in a cylinder on X by taking nearby 
parallel geodesies. If the genus of X is greater than one, any cylinder can be 
extended until cither end contains a zero of lu and each boundary component is a 
finite union of saddle connections. Such a cylinder is called a maximal cylinder. 

Plumbing a cylinder. Cylinders arise from simple poles: by (|4.1[) . a simple 
pole of an Abelian differential has a neighborhood which is isometric to a half- 
infinite cylinder. Given a meromorphic Abelian differential (X, lj) with simple 
poles at p and q such that 

ReSp ui = — Res q w, (4.2) 

there is a simple surgery operation which allows us to replace the poles at p and 
q with a cylinders. Cut X along two closed geodesies, one in each of the two half- 
infinite cylinders around p and q, and then glue X along the resulting boundary 
components by an isometry. The condition (|4.2[) means exactly that this gluing 
map is locally a translation; therefore, we get a new Abelian differential with 
two fewer poles. Call this operation plumbing a cylinder. It depends on two 
parameters: the height of the resulting cylinder and the amount of twisting of 
the gluing map. 
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We can reverse this operation to replace a cylinder with two simple poles. 
Just cut a cylinder along a closed geodesic, and then glue two half-infinite cylin- 
ders to the resulting boundary components Call this operation unplumbing a 
cylinder. These operations will be used in fJS]to define polar coordinates around 
the boundary of the Dcligne-Mumford compactification of moduli space. 

Connected Sums. Two Abelian differentials (Xx,u>i) and (X2,U)2) can be 
combined into one by taking a connected sum. This operation is studied in 
detail in [McMaj . 

Let / be a line segment in the complex plane. Suppose / is embedded in 
each of the surfaces (X,,cjj) by an isometric embedding q : / — > Xi preserving 
the slope of / as well as its length. Now cut each of the Xi along /, and glue 
the surfaces together by gluing one boundary component along I on one of the 
surfaces to the opposite boundary component on the other surface. The gluing 
maps are just translations in the flat structures on the (Xi,u>i), so the resulting 
surface has a flat structure as well away from the ends of /. By the Riemann 
removable singularity theorem, the conformal structure and Abelian differential 
can actually be extended to the ends of /. Thus we obtain a new Abelian 
differential (X, u>). If the segments ej(I) C Xi are disjoint from the zeros of u>, 
then the lo has simple zeros. 

We call the resulting Abelian differential, 



the connected sum of (X\,ui\) and {X.2,u>2) along /. 

This construction can be modified in the obvious way to perform a self con- 
nected sum of an Abelian differential with itself, given two parallel embeddings 
of / in that Abelian differential. 

An Abelian differential (X, lo) resulting from a connected sum has two simple 
zeros p and q and two oriented saddle connections I± and I2 going from p to q 
such that 



Given any Abelian differential (X, lo) with a pair of oriented, embedded saddle 
connections I\ and I2 both beginning and ending at the same zeros and satisfying 
(|4.3|) . we can reverse the connected sum operation. To do this, cut X along I\ 
and I2 and then reglue to get a new Abelian differential (X' , lo 1 ). Equation (|4.3|) 
implies that this gluing can be done by a translation. This operation is called 
splitting along I\ and I2 and is inverse to the connected sum operation. 

In this paper, there are two main cases where we will use these constructions. 
First, suppose {X\, lo\) and (X 2 , LO2) are both genus one, and a segment I C C is 
embedded in each by embeddings as above. Then we can form the connected 
sum along /, and the resulting Abelian differential has genus two with two 
simple zeros. Conversely, splitting a genus two Abelian differential along a pair 
of saddle connections I\ and I2 such that I\ U I 2 separates the surface yields a 
pair of genus one Abelian differentials. 



(X,L0) = (X 1 ,UJ 1 )#l(X2,CO2), 




(4.3) 
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Second, given an genus one Abelian differential with two embedded segments 
Ii which are parallel and of the same length, we can form a self connected sum 
along these segments. This again yields a genus two Abelian differential with 
two simple zeros. Conversely, splitting along a pair of saddle connections on a 
genus two Abelian differential satisfying (|4.3p which don't separate the surface 
yields a single genus one Abelian differential. 



Splitting a double zero. There is also a cut-and-pastc operation which re- 
places a zero of an Abelian differential with two zeros of lower order. This 
operation is explained in detail in [KZ03] and |EMZ03j . We will describe this 
operation in the case of a double zero, the only case we need. 

Let {X, u>) be an Abelian differential with a double zero at p, and choose 
a straight geodesic segment / starting at p. The segment / is a leaf of the 
foliation T$ of some slope 9. On X, draw an "X" composed of the segment / 
and three other geodesic segments of the same length and slope as in Figure [31 
(In this figure, leaves of T$ are represented by dotted or solid lines, with the 
orientation indicated by an arrow, and the "X" is represented by solid lines. 
Two consecutive segments meeting at the zero form a 180° angle.) Assume that 
I was chosen to be short enough so that each arm of the "X" is an embedded 
straight geodesic on X not meeting any of the other arms. 




.4 



B 



C 



D 



Figure 3: Splitting a double zero. 
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Now cut the surface along the "X" to obtain a surface with eight geodesic 
boundary components, and then glue the boundary components pairwise so that 
the components marked with the same letter in Figurc[3]are glued together. The 
result is a new Abelian differential with simple zeros at the two points where 
four leaves of J-q meet in the figure. We will denote this new Abelian differential 
by 

This operation can also be reversed in the obvious way. Given a saddle 
connection of length I joining two distinct zeros, draw two more segments of 
length 1/2 emanating from the zeros with the same slopes as in the bottom of 
Figure [31 If these segments can be drawn without intersecting each other or 
any other zero, then the process of splitting a double zero can be reversed: cut 
along these three segments and then reglue, following Figure [3] in reverse. This 
operation is called collapsing a saddle connection. 

This operation, together with the connected sum operation, will be used in 
i TH21 to parameterize tubular neighborhoods of W d and Prj in Yd- 

4.2 Moduli of Abelian differentials 

In this subsection, we introduce the moduli space of Abelian differentials and 
discuss its geometry. 

Teichmiiller space. Let E g be a connected, closed, oriented, topological sur- 
face of genus g, and let E Sirl be a genus g topological surface with n marked 
points. A marked Ricmann surface is a Riemann surface X together with a 
homcomorphism Ti g>n — > X. Two marked Riemann (f,X) and (g,Y) marked 
by £ g .ri are considered to be equivalent if go f^ 1 is nomotopic to a conformal 
isomorphism by a homotopy fixing the marked points. 

Let the Teichmiiller space 7~(£ ffi „) be the space of all Riemann surfaces 
marked by £ Si „ up to equivalence. It has a topology induced by the well-known 
Teichmiiller metric and is homeomorphic to C N , where 

if g = 1 and n — or 1 ; 
1 if g = 1 and n > 1; 

3 if g — and n > 2; 

- 3 + n if g > 1. 

We will use the abbreviation 7^„ or T g when we don't need to emphasize the 
surface S ff . 

Bers gave T g . n a complex structure by defining an embedding B : 7^„ — > C N 
which is a homcomorphism onto its image, a bounded domain in C N . 

Moduli space. The modular group Mod(E s ) is the group of all self home- 
omorphisms of E s up to isotopy. Similarly, Mod(E ffi „) is the group of all self 
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homeomorphisms which preserve the marked points, up to isotopy preserving 
the marked points. 

An element 7 € Mod(£ 9)n ) acts on T(E ff n ) by replacing a marking 

/ : £g,n — * X 

with / o This defines a biholomorphic action of Mod(S g n ) on T(E ffjra ) 

which is properly discontinuous. Let Z C £ g ,n be the set of marked points. The 
stabilizer of a point (/, X) is isomorphic to the group Aut(A", f(Z)) of conformal 
automorphisms of X preserving the marked points. In genus two, every Riemann 
surface has an order-two automorphism J, the hypcrclliptic involution. This 
yields an element of order two in Mod(E2) which acts trivially on T(T,2). 

The moduli space of genus g Riemann surfaces with n marked points is the 
quotient 

M s ,„ = T(S S)n )/Mod(S ff ,„). 
M.g }n is a complex orbifold. 

Bundles of Abelian differentials. Given a Riemann surface X, let f2(X) be 
the space of Abelian differentials on A, a rank g complex vector space. Let flT g 
be the space of all pairs (X,ui) with X G T g and u> G il(X) a nonzero Abelian 
differential. We can give flT g the structure of a trivial holomorphic punctured 
vector bundle as follows. 

Over T g , there is the universal curve CT g , defined by Bers in |Ber73j . It is a 
complex manifold and comes with a proper map it : CT g — > T g whose fiber over 
a Riemann surface X is isomorphic to X itself. The cotangent bundle to the 
fibers of ir is a line bundle C — > CT g . The push- forward 7r*C(£) of the sheaf of 
sections of £ is a sheaf on T g . The following theorem follows from |Ber61b| . 

Theorem 4.1. The sheaf n^O(C) is the sheaf of sections of a trivial bundle 
over T g whose fiber over a Riemann surface X is Q,(X). 

The action of the mapping class group Mod g on T g extends to an action 
on flT g . The quotient is a rank g orbifold vector bundle flA4 g over M. g whose 
fiber over a Riemann surface X is the quotient Q,(X)/ Aut(A). This bundle is 
sometimes called the Hodge bundle. 

In general, when 5* is any sort of space of Riemann surfaces, £IS will denote 
the natural bundle of Abelian differentials over S. 

Strata. The bundles SlT g have a natural stratification in terms of the types 
of zeros of the Abelian differentials. Each nonzero Abelian differential on a 
nonsingular Riemann surface has 2g — 2 zeros, counting multiplicity. Given a 
sequence of integers n = {ni) r i=1 such that ^n.i — 2g — 2, let ClT g (n) be the 
locus of all Abelian differentials which have r zeros whose multiplicities arc given 
by the rij. This locus is a locally closed subset of QT g , and by Veech |Vee90) it 
is actually a complex submanifold. The quotient 

OM 3 (n) = ftT g (n)/Mod 

is then a complex suborbifold of fLM 9 . 
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Period coordinates. These strata have natural coordinates defined in terms 
of their periods by Veech [Vee90j and Masur |Mas82| which give the stratum 
HTg(ii) the structure of an afline manifold. 
There is a fiber bundle of homology groups 

Hi OT g (n), 

whose fiber over an Abelian differential (X, cu) is Hi(X, Z(ui); Z), where Z{u>) is 
the set of zeros of u>. Given two Abelian differentials (Xl,cJi), and {X^,,^) G 
QT g (n) with (X2,u>2) sufficiently close to (Xi,wi) there is a natural isomorphism 

ffi(Xa,Z(«2)) -»ffi(X!,Z(wi)). 

This defines a flat connection on Wi, the Gauss-Manin connection. 

Consider (X,u) G f27^(n) and a small neighborhood J7 of (X, uS), Any 
(X', a/) G U defines an element of Z(w'); C) via the periods of a/. Com- 

posing this with the isomorphism 

1 ( ; Q ^ tf 1 (X, ; C) 

from the Gauss-Manin connection, we get a map 

<p: U ->■ ^(X^iu^C), 

the period coordinates. Veech |Vee90| showed that these are in fact biholomor- 
phic coordinate charts. 

A choice of basis of H\(X, Z(lo)\ Z) defines an isomorphism 

iT^JT.ZHjC) -> C 2fl+B_1 , 

where n is the number of zeros of u. We can suppose that the basis is of the 
form, 

{ui, ■ ■ .,u 2g ,Vi, . . . ,v n -i}, (4.4) 

where {u\, . . . , U2 g } is a symplectic basis of H\{X). Two such bases are related 
by a matrix in the group, 

G= {(o ^) : ^eSP 23 Z, BeM 2j ,„(Z), CgGL„z|. 

Changing the basis by a matrix in G changes the period coordinates by the 
transpose of this matrix. This gives flT g (n) the structure of an (G,C 2s+n_1 )- 
manifold, and flAi g (n) inherits the structure of a (G, C 29+n_1 )-orbifold. 

Measures. Since the action of GL ra (Z) on C preserves Lebesgue measure, we 
can pull back this measure by the period coordinates to get the period measure 
fj,(n) on £lM g (n). 

The flat metric defined by an Abelian differential has area given by, 



Area(cj) = \J 



u) A lu. 

x 
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Let n<iA^ s (n) be the locus of Abelian differentials with Area(w) < f, and 
SliM g (n) the locus of Abelian differentials with Area(w) = f (we will use the 
prefixes fi<i and to denote the analogous subsets of any space of Abelian 
differentials). We can define a measure //(n) on QiM g (n) by restricting /x(n) to 
£!< iA^ g (n) and then projecting by the natural map Q<iM g (n) — > rtiM g (n). 
The following theorem was proved by Veech and Masur: 

Theorem 4.2 ( Mas82] , }Vee90j ) ■ The measures fi'(n) have finite total volume. 

Action of SL2K. Given a nonzero Abelian differential (A, u) <G QT gi we can 
as in £14.11 choose an atlas of coordinate charts fa : Ui — » C, which cover the 
complement of the zeros, such that fa pulls back the form dz on C to the 
form oj on A. These coordinate charts differ by translations on their overlap. 
Now, given an clement A £ SL2R, define new coordinate charts fa = A o fa by 
composing with the usual action of A in the complex plane. The new coordinates 
still differ by translations, and so define a new translation surface. This defines a 
new Abelian differential A - (A, ui) € flT g which has a different complex structure 
than X unless A happens to be a rotation in SO2R. If (X',ui') = A ■ (X,ui), 
then there is a natural real-affine map Ha ■ (A, ui) — > (A', u)') which takes zeros 
to zeros. The periods satisfy the relation, 

w / ((M*( 7 ))=a-w( 7 ), (4.5) 

for any 7 G -Hi (A, Z(ui)) with Z(ui) the set of zeros of ui. 

This construction defines an action of SL2K on £lT g . This action commutes 
with the action of Mod and so defines an action of SL2K on Q,M g which preserves 
to locus Sl\M. g of Abelian differentials with area one. 

Equation (|4.5[) can be used to show that the measure /i(n) is SL2M invariant, 
as is /u'(n). 

This action is closely related to the Tcichmullcr geodesic flow: the projection 
SlM. g — > M. g sends SL 2 M orbits to copies of the hyperbolic plane in Ai g which 
are isometrically embedded with respect to the Teichmuller metric, and the 
restriction of the action to the one parameter subgroup of diagonal matrices is 
the Teichmuller geodesic flow. 

The strata fiA^n) and fiiA4 ff (n) are invariant under the action of SL2K. 
The measures /1 and defined in £15.21 arc invariant measures by (|4.5jl . 

The natural projection Q\M g — ► PilA4 g sends SL2M orbits to immersed 
copies of the hyperbolic plane, giving a foliation T ' M. g of P1XM S by immersed 
hyperbolic planes, ft is possible for a leaf of TM g to be a closed subset of 
PfLM g . In that case it is called a Teichmuller curve because it is an algebraic 
curve whose projection to M. g is isometrically immersed with respect to the 
Teichmuller metric. It is an important unsolved problem to classify Tcichmullcr 
curves in ¥QM g or more generally to classify orbit closures or invariant mea- 
sures. 
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4.3 SL 2 K orbits in genus two. 

In genus two, McMullen has completely classified the orbit closures for the action 
of SL 2 P on Q1M2 and the ergodic, invariant measures in the series of papers 
|McM03al IMcMal IMcM05al IMcM06j . In this subsection, we will discuss the 
subsets of VI1M.2 which appear in this classification and which will be the focus 
of this paper. 

A SL2M-invariant subset S of Q,iM 2 corresponds to a subset FS of 
which is saturated in the sense that leaves of the foliation TM.2 are either 
contained in PS* or disjoint from PS 1 . Invariant measures on £l\M.2 correspond 
by a disintegration construction to holonomy invariant measures on TM.2- In 
this paper, we will adopt this point of view and focus on leaves of this foliation 
rather than on SL2P orbits in £l\M.2- 

Eigenform loci. A form (X, [u]) £ FilM.2 is an eigenform for real multi- 
plication by Od if the Jacobian of X has real multiplication by On with ui a 
nonzero eigenform. Let the eigenform locus Ed be the locus of all such pairs. 
The following proposition follows from |McMa[ Corollary 5.7]. 

Proposition 4.3. Ed is a closed, saturated subset ofPflM.2- 
An embedding tj : Od — > P determines a map 

ji ■ E D — ► X D 

by sending an eigenform (AT, a;) € Ed to the pair (Jac(A),p), where 

p: O d -> EndJac(A) 

is chosen so that 

w(p(A) ■ 7) - A«w( 7 ) 

for each 7 £ Hi(X;Z). Recall that in we introduced the locus Pd of Abelian 
varieties in Xd which are polarized products of elliptic curves. The following 
follows from Proposition [5T31 

Proposition 4.4. The map ji is an isomorphism of Ed onto Xd \ Pd- 

In this paper, we will implicitly identify Ed with Xd\Pd by the isomorphism 

Let Td be the foliation of Ed by Riemann surfaces induced by the foliation 
T of PilA^2- The foliation Td of Ed extends to a foliation - which we will 
continue to call Td ~ of Xd defined by adding the connected components of 
Pd as leaves of Td- McMullen McMbJ proved that this is actually a foliation 
of Xd- 
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Elliptic differentials. There is a useful alternative characterization of eigen- 
forms (A, u>) for real multiplication by Ocp ■ 

A branched cover / : X — > E from a Riemann surface to an elliptic curve is 
said to be primitive if it does not factor through an isogcny of elliptic curves 
g : E' — > E of degree greater than one. Equivalently, / is primitive if the map 
on homology /* : H\(X; Z) — > H 1 (E; Z) is surjective. 

An Abelian differential [X, oj) is called an elliptic differential if it is the 
pullback of a nonzero Abelian differential on an elliptic curve by a primitive 
branched cover. The degree of an elliptic differential is the degree of the cover. 

Proposition 4.5 f |McMa[ Theorem 4.10]). The locus of degree d elliptic dif- 
ferentials in flA4 2 is exactly VLE d i. 

There is a special class of elliptic differentials called square-tiled surfaces. 
A square-tiled surface is an Abelian differential which is pulled back from 
the square elliptic curve (C/Z[i],dz) by some (not necessarily primitive) cover 
branched only over 0. Equivalently, an Abelian differential is square-tiled if and 
only if its absolute and relative periods all lie in the Gaussian integers Z[i]. All 
square-tiled surfaces lie on Tcichmuller curves. 

Weierstrass curves. A genus two Abelian differential is a Weierstrass form 
if it is an eigenform for real multiplication by some quadratic order Od and if 
it has a double zero. Its discriminant is the discriminant D of the order Od- 
The Weierstrass forms are parameterized by the Weierstrass form bundle QWd, 
which is a line bundle over the Weierstrass curve, 

w D ■.= vnw D C X D . 

Theorem 4.6 : McMOoaj j. Wd is a union of Teichmiiller curves which is 
nonempty if and only if D > 5. If D = 9 or if D ^ 1 mod 8, then Wd is 
connected. Otherwise Wd has two connected components. 

Remark. When D = p 2 for some prime p, this statement was first proved in 
[HL06] . 

When Wd has two connected components, they are denoted by W D and 
W D . They are distinguished by a topological invariant called the spin invariant. 
This is easy to describe when D = d 2 . In that case, an Abelian differential 
(X, uj) £ QWfp is branched over an elliptic curve {E,v) by a c?-fold branched 
cover f:X^rE. Let p be the unique zero of uj, one of the six Weierstrass 
points of A. Of the six Weierstrass points, N of them have the same image in 
E as p, with cither A = lorN = 3. If N = 1, then (A, uo) lies in QW D , and if 
N = 3, then (A, w) lies in ClW D . 

Let Wd be the inverse image of Wd in the universal cover Hxiof Xd- 

Proposition 4.7 f McM03aj ). Wd is a countable union of graphs of transcen- 
dental holomorphic maps H — > H. 

Equivalently, Wd is transverse to the absolute period foliation Ad of Xd 
introduced in ^2.31 
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Period coordinates for QEjj. Let Ed(1, 1) = Ed \ Wd> an d let 0£x>(l, 1) 
be the bundle of nonzero eigenforms. We can define period coordinates on 
Q,Ed(1, 1) in the same way as wc defined period coordinates on the strata 
flM g (n). This material will only be used in M151 
Let _ 
E D (1,1) = H x U\W D , 

the inverse image of £x>(l, 1) in the universal cover of Xq, and let VlEr>{l, 1) be 
the (trivial) bundle of ti-cigenforms. Given an (X,lj) £ ftEu(l, 1), the homol- 
ogy group Hi(X, Z(oS); Z) contains Hi(X;Z) as a subgroup which is equipped 
with an isomorphism 

D ffiO^JJi(l;Z). 
The condition that cu is an eigenform is equivalent to the period map 

P u : H 1 (X;Z)^C 

being 0£>-lincar, with Od acting on C via the embedding i\. Let 

Hb D (X,Z(u);C) 

be the subspace of H 1 (X, Z(ui); C) consisting of all linear maps 

H x {X,Z{w)\Z) -> C 

that are O^-linear on Hi(X; Z). 

Now consider (X,ui) £ HEb(1, 1). For a sufficiently small neighborhood U 
of (X, u>), any (X',uj') £ U defines an element of Hq d {X, Z(w);C) by compos- 
ing the period map _P W < with the isomorphism coming from the Gauss-Manin 
connection, 

#i(X,Z(u);Z) -> Hi(X',Z(u/);Z), 
which is 0£>-lincar on Hi(X;Wi). This give biholomorphic period coordinates 

0: U ^Hh D {X,Z{u);C). 

Consider a triple (a,/3,j) C Hi(X, Z(u>); Z) such that: 

• (a, /?) is a basis of H\(X]1) over Od. 

• H 1 (X;Z)®(-y)=H 1 (X,Z(uj);Z). 
Such a triple determines an isomorphism 

#i(X,ZH;Z) -> C 3 . 
Two such triples are related by a matrix in the group, 

G = { ( c) E GL z K (°d) ■ A 6 SL(O d O d ), B£<D d ®O d , C = ill . 
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Changing the triple by a matrix in G changes the period coordinates by 
the transpose of this matrix. This gives Q,Ed(1, 1) the structure of an (G, C 3 )- 
manifold, and J1Ed(1, 1) inherits the structure of a (G, C 3 )-orbifold. 

These period coordinates arc compatible with the action of SL2R in the sense 
that 4>: U — > C 3 commutes with the two SL2R actions, where SL2R acts on C 
coordinate- wise by identifying each C factor with R 2 . 

By pulling back Lebesgue measure on C 3 via these charts, wc define a mea- 
sure hd on Ed (1,1). We can use this measure to define a measure p! D on 
£L\Ed(1, 1), using the same trick we used to define the measures //(n) on p. 1371 

Theorem 4.8 QMcMa ). The measures fx' D are finite, ergodic, SL^-invariant 
measures. 

Cusps of Wd- We describe here McMullcn's classification of cusps of Wd 
from [McM05aJ, which will play a crucial role in our calculation of x(W D )- 

Given an Abelian differential (X,uj) e Q,iM. g and a slope s <E P 1 (R), the 
foliation T s of X is completely periodic if every leaf of the foliation is either 
a saddle connection joining zeros of uj, or a closed loop on X. A completely 
periodic foliation divides X into finitely many maximal cylinders Cj foliated by 
closed leaves of T s . The complement of (J d is a union of saddle connections 
on X called the spine of (X, co). 

Two completely periodic foliations T Si of (Xi,u>i) G fliA4 g are equivalent if 
there is some A £ SL2R such that A ■ (Xi,u>±) = (X2, CJ2) and A - s\ = S2- 

Now restrict to the case of Weierstrass forms (X, ui) £ Wd ■ If D is not 
square, then a completely periodic foliation decomposes X into two cylinders; if 
D is square, then a completely periodic foliation decomposes X into either one 
or two cylinders (see |McM05al Theorem 4.3]). 

A Weierstrass form (X, ui) £ SI^Wd together with a completely periodic 
foliation T s determines a cusp of Wd- Let N C SL 2 R be the upper-triangular 
subgroup consisting of all 



Let g E SL2R be some matrix taking s to (so that the horizontal foliation of 
g ■ (X, ui) is completely periodic) . The map 



defines a path on VI{Wd, which happens to cover a closed horocycle h on Wd- 
Replacing (X, oj, s) with an equivalent completely periodic foliation gives a horo- 
cycle homotopic to h. Homotopy classes of closed horocyclcs on a Riemann sur- 
faces S correspond to cusps of S, so this construction associates a cusp of Wd to 
every equivalence class of completely periodic foliations. This correspondence 
is in fact a bijection; see, for example, |McM05al Theorem 4.1]. 

Wc say that a cusp of Wd is a one-cylinder cusp or a two-cylinder cusp if 
the associated completely periodic foliation has one cylinder or two cylinders 
respectively. One cylinder cusps only arise on Wd if D is square. An example 




1 1 ► g^Ntg 
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of a foliation associated to a one-cylinder cusp is given by gluing the edges of a 
three-by-one rectangle as in Figure [4] and taking the horizontal foliation. 




Figure 4: One cylinder cusp of Wg 



McMullen [McM05a ] classified the cusps of Wd by identifying them with 
splitting prototypes. We will describe his classification here using the equivalent 
W_o-prototypes from S}3] 

To the prototype P = (a,b,c,q), we associate the surface (Xp,ujp) formed 
by gluing a square in C with unit length sides to the parallelogram with sides 
0, A = A(P), r, and A + r, where A is the unique positive root of 

aX 2 + bX + c = 0, 



c c 

and then gluing opposite sides of the resulting polygon (see Figure [5]) . This 
(Afp, ujp) is an eigenform for real multiplication by Op> where D is the discrim- 
inant of P. The horizontal foliation of (Xp,ujp) is completely periodic and so 




Figure 5: Cusp of Wd 
determines a cusp wp of Wd- 

Theorem 4.9 ( McM05a] Theorem 4.1]). The map P i~ > wp described above 
determines a bijection between the set of Wd -prototypes and the set of two- 
cylinder cusps of Wd ■ 

We will also need to know which connected component of Wd contains a 
given cusp wp. Given an order Od, define the conductor of Od to be the 
integer / such that D = f 2 E with E a fundamental discriminant. 
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Theorem 4.10 ( Mc M05a[ Theorem 5.3]). The cusp wp of Wd associated to 

€.( P) 

the Wd -prototype P = (a, 6, c, q) is contained in the component W D , where 

€ (P) = —L + (a+l){q + c+qc) (mod 2), (4.6) 
and f is the conductor of Od- 

Other Teichmiiller curves. When the discriminant D is square, there is an 
infinite family of Teichmiiller curves on X d i parameterizing Abclian differentials 
with two simple zeros. Given (X, uo) £ QX d 2, let /: (X, lo) — > {E,v) its asso- 
ciated degree d torus cover. Define QWji [•;>] to be the locus of all differentials 
such that the two branch points of / in E differ by torsion of degree exactly n 
in the group law on E, and define W<p [n] C X,^ be its projectivization. The 
locus Wd? [n] is a union of Teichmiiller curves. Note that W<p [0] contains W<p 
but is in general larger because X can have distinct zeros which are branched 
over the same point of E. 

There is one more example of a genus two Teichmiiller curve which comes 
from an infinite family discovered by Veech. For even n, consider the Abclian 
differential obtained by gluing opposite sides of the regular n-gon. Veech |Vee92) 
showed that the SL 2 K orbit of this differential lies on a Teichmiiller curve D n . 
The Abclian differential coming from the decagon is an genus two Abelian dif- 
ferential with two simple zeros. Its orbit is a Teichmiiller Z?io curve lying on 
X 5 . 

Classification of SL2M orbit closures in genus two. It happens that every 
SL2M orbit-closure on fiiA^2 or ergodic, invariant measure is one of the ones 
just described. 

Theorem 4.11 ( [McMaj . |McM06j ). Every closure of an SL 2 IR orbit in QiM 2 
is either all of Q1M2, or one of the following submanifolds: fiiA^2(2), fliEo, 
f^i-Dio, a connected component ofCliWo, or a component of VtiW,p[rL\. 

Furthermore each of these orbit closure carries a unique ergodic, absolutely 
continuous, SL2M.- invariant probability measure. These are all of the ergodic, 
SL2M- invariant probability measures on £l\M.2- 

The only gap remaining in this classification is to describe the connected 
components of W<p [n] . 



53 



5 Deligne-Mumford compact ificat ion of moduli 



space 

5.1 Stable Riemann surfaces 

A nodal Riemann surface is a connected, compact, one-dimensional, complex 
analytic space with only nodes as singularities (a node is a transverse crossing 
of two nonsingular branches). Equivalently, a nodal Riemann surface can be 
regarded as a finite type Riemann surface with finitely many cusps which have 
been identified pairwise to form nodes. A connected component of a nodal 
Riemann surface A with its nodes removed is called a part of A, and the closure 
of a part of X is an irreducible component of A. In this paper the genus of a 
nodal Riemann surface A will mean its arithmetic genus, 

.9 = 1- X (Ox), 

where Ox is the structure sheaf of A. In topological terms, the arithmetic genus 
of a nodal Riemann surface A is the genus of the nonsingular Riemann surface 
obtained by replacing each node of A with an annulus. 

A stable Riemann surface is a connected nodal Riemann surface for which 
each part has nonabclian fundamental group (or equivalently negative Eulcr 
characteristic). 

A nodal Riemann surface A has a normalization X — > A defined by sepa- 
rating the two branches passing through each node of A. 

Stable Abelian differentials. A stable Abelian differential on a stable Rie- 
mann surface A is a holomorphic I-form on A minus its nodes such that: 

• Its restriction to each part of A has at worst simple poles at the cusps. 

• At two cusps which have been identified to form a node, the differential 
has opposite residues. 

These properties can be conveniently rephrased using the normalization. If to 
is a meromorphic Abelian differential on A, and / : A — > A is the normalization, 
then u) is stable if and only if f*u has at worst simple poles, and for every gel, 

Res p (/M=0. 

S(p)=q 

A stable Riemann surface A has a dualizing sheaf cox- A stable Abelian 
differential on a stable Riemann surface is just a global section of lux- This is 
discussed in |HM98j and |Har66j . 

The stable Abelian differentials on a genus g singular Riemann surface A 
form a complex vector space which we will write as Q(X). The complex dimen- 
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sion of f2(A) is g: 



h°(X,u x ) = h 1 (X,O x ) 
= l-x(Ox) 
= 9- 

This fact also follows easily from the Riemann-Roch Theorem. It is also proved 
in |Ser591 Theorem IV. 2]. 

We will often use the term "Abelian differential" as shorthand for "Riemann 
surface together with an Abelian differential" . We will call a node of a stable 
Abelian differential (A, lo) a polar node if to has a pole there and a holomorphic 
node otherwise. 

Jacobians. The classical notion of the Jacobian variety of a nonsingular Rie- 
mann surface can be extended to singular Riemann surfaces. 

If A is a possibly singular Riemann surface, let Ao be the set of nonsin- 
gular points of A. Then there is a natural map Hi(Xq;Z) — > fT(A), given 
by integrating forms over homology classes. The Jacobian variety of A is the 
variety, 

Jac(A) = Cl*(X)/H 1 (X ;Z). 

In the case of a stable Riemann surface A, it is easy to describe the kernel of 
the map Hi(Xq; Z) — * 0*(A). It is the subgroup of Hi(Xq; Z) generated by the 
relations a — (3 when a and (3 are homology classes generated by curves going 
around the same node of A in the "same direction" on opposite parts of A as 
in Figure [5] 




Figure 6: Curves around a node. 

There is an exact sequence which relates the Jacobian of a nodal Riemann 
surface to the Jacobian of its normalization. If A — > A is the normalization 
of A, then holomorphic Abelian differentials on A restrict to stable Abelian 
differentials on A, so there is a natural map Jac(A) — + Jac(A). We get an 
exact sequence: 

(C*) n -> Jac(A) -> Jac(A) -> 0, 



55 



where n is the difference of the genera of X and X. This realizes Jac(A) as a 
semi-Abelian variety. 

For example, if X has genus two and one separating node, then X is the 
disjoint union of two elliptic curves. The Jacobian of X is then the product of 
these two elliptic curves. 

If X has genus two and one nonseparating node, then the normalization of 
X is an elliptic curve E. The Jacobian of X is then an extension of E by C*. 
The original stable Riemann surface X can be recovered from Jac(X). 

If X has genus two and two (or three) nonseparating nodes, then X is P 1 
(or P 1 U P 1 respectively), so Jac(X) = C* x C*. This example shows that two 
distinct nodal Riemann surfaces may have the same Jacobian. 

The Jacobian of X can also be identified with Pic°(X), the group of all 
line bundles on X which have degree zero on each irreducible component of X 
|HM98l p.250]. 

5.2 Deligne-Mumford compactification 

Marked stable Riemann surfaces. Given a topological stable surface X of 
genus <?, a collapse of E 9 onto X is a continuous surjection / : E ff — > X with the 
following properties. 

• The inverse image of each node of X is a Jordan curve on E s . 

• Each component of E \ f^ 1 (N), where N is the set of nodes of X, maps 
homeomorphically, preserving the orientation, onto a part of X. 

If X is nonsingular, a collapse is just a homeomorphism E g — > X. These 
maps were introduced by Bers; in his terminology, a collapse is called a strong 
deformation. 

A marked stable Riemann surface is a stable Riemann surface X, together 
with a collapse E g — > X. Two markings /j : E g — > Xi are equivalent if there is a 
conformal isomorphism g : X\ — > X2 such that the following diagram commutes 
up to homotopy. 

Eg — >- X\ 

g 

X 2 

We will sometimes denote by [/ : E s — ► X] the class of all marked surfaces 
equivalent to /: E g — * X. 

Augmented Teichmiiller space. The Teichmiiller space T(E fl ) is contained 
in the Augmented Teichmiiller space, T(E g ), the set of all marked stable Rie- 
mann surfaces up to equivalence. Let <9T(E 9 ) = T(H g ) \ T(E S ). 

We give T(E ff ) a topology as follows. Given a closed curve 7 on E s , define a 
function Z 7 : T(E S ) — > R U {00}: if 7 is not homotopic to a curve on X disjoint 
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from the nodes, let Z 7 (X) = oo; if 7 is nomotopic to a node of X, let Z 7 (X) = 0; 
otherwise let lj(X) be the length of the unique geodesic nomotopic to 7 in 
the Poincare metric on X minus its nodes. Give T(E 9 ) the smallest topology 
such that Z 7 is continuous for every closed curve 7 on E 9 . The induced subspace 
topology on T(E ff ) agrees with that defined by the Teichmiiller metric on T(E S ). 

Abikoff }Abi77] showed that this topology is equivalent to other natural 
topologies on T(E 9 ), such as those obtained by looking at quasiconformal maps 
or quasi-isometries defined outside a neighborhood of the nodes. 

Another useful topology which is equivalent to this one is the conformal 
topology which is defined as follows. Let [/ : E 9 — > X] G &T(Y, g ), and let U C X 
be a neighborhood of the nodes of X. Let Vjj be the set of all [g: E g — » Y] G 
T(E g ) for which / and g can be adjusted by homotopies so that g a f~ 1 \ x \u m 
conformal. The set of all Vjj as U runs over all neighborhoods of the nodes of 
X define a neighborhood basis of X. Together with the open sets of T(E S ), this 
defines a topology on T(E 9 ). It is well-known that this topology is equivalent 
to the one defined above; however, a proof does not exist in the literature. 

A curve system on E g is a collection of simple closed curves on E g , none of 
which are isotopic to any other or to a point. For each curve system S, there 
is a subspace T(E g , 5) C <9T(E g ) consisting of marked stable Riemann surfaces 
[/ : E g — > X] which collapse each curve of a curve system nomotopic to S to a 
point. For each connected component E g of E g \ S, let Si be the closed surface 
with marked points obtained by collapsing the boundary components of E ff to 
points and regarding the images of the boundary components as marked points. 
There is a natural isomorphism, 

i 

Deligne-Mumford compactification. The action of Mod(E g ) of T{T lg ) ex- 
tends to an action on T(E S ). The quotient, 

:M 9 =r(E 9 )/Mod(E g ), 

is the Deligne-Mumford compactification of moduli space. It is a compact orb- 
ifold whose points naturally parameterize stable Riemann surfaces of genus g. 

Given a curve system S C E 9 , let M g (S) C M g be the stratum of stable 
Riemann surfaces homeomorphic to the topological stable surface E g / ' S. This is 
a locally closed subset of A4 g , and M. g is the disjoint union of all of the A4 g (S) 
as S ranges over all isotopy classes of curve systems on E 9 up to the action of 
the modular group. 

Dehn space. Given a curve system S on E fl , let Tw(5) be the group generated 
by Dehn twists around the curves of E. It is an Abclian group isomorphic to 
1 h , where h is the number of curves in S. Define the Dehn space 2?(E S , S) to 
be 

2?(E S , S) = (T(E S ) U T(E 3 , S))/ Tw(S). 
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We will sometimes use the notation V g {S) = £>(E g , S) when we don't need to 
emphasize the surface E g . Bers called £>(E g , S) the strong deformation space. 

Let Stab(S) be the subgroup of Mod(E g ) which maps S to an isotopic curve 
system. Tw(5) is a normal subgroup of Stab(S'), and the quotient, 



is the mapping class group of the topological stable surface obtained by collaps- 
ing each curve in S to a point. 

The group Mod(E g , S) acts on £>(E g , S), and the natural map 



is invariant under this action. Bers showed: 

Proposition 5.1 ( |Ber74| p. 1221]). If X £ V(S g ,S), and G C Mod(E a ,S) 
is the stabilizer of X, then there is a neighborhood U C / D(E g ,S) of X, stable 
under the action of G such that -k factors through to a map, n: U/G — ► M. g , 
which is homeomorphic onto its image. 

Complex structure. We now describe the complex structure on M g , follow- 
ing Bers's approach |Ber81j . 

In |Ber61aj . Bers defined an embedding B: T{T lg ) — > C", where 



It is a homcomorphism onto a bounded domain, and T(E g ) inherits the com- 
plex structure on C™. Ahlfors |Ahl60| showed that this is the unique complex 
structure on T(E g ) for which the periods of Abclian differentials vary holomor- 
phically. 

The modular group Mod(E g ) acts biholomorphically on T(E g ) with this 
complex structure, so M. g inherits the structure of a complex orbifold. 

Bers gives M. g a complex structure by first giving 2?(E g , S) a complex struc- 
ture for each curve system S. First define a sheaf of rings O on T>(T,g,S) to 
be the sheaf consisting of all continuous functions T>(Y, g ,S) — > C which are 
holomorphic on 



with respect to the complex structure on 2?o(E g ,5) induced by the Bers em- 
bedding of Teichmuller space. Given a domain, U C T>(E g ,S), we consider 
a function /: U — > C to be holomorphic if it is in O. Bers showed that this 
defines an integrable complex structure on D(E g , S) by giving a biholomorphic 
isomorphism of 2?(E S , S) with a bounded domain in C" parameterizing a certain 
family of Kleinian groups: 



Mod(E s ,5) = Stab(S)/Tw(5), 



tt: V(Z g ,S) -» Mg 




2?o(E g , S) - T(E g )/ Tw(S) C P(E g , S) 
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Proposition 5.2 f [Ber81| ). Let S = (J Si be a curve system on E g . There is a 
biholomorphic map 

B: T>(E g ,S) -► C" 

onto a bounded domain in C™. .A curve Si is homotopic to a node on a marked 
stable Riemann surface X £ 2?(E 9 , 5) ?/ and cmfo/ if 

Zi(B(X)) = 0, 

where the Zi are the coordinates on C™. 

Similar cmbcddings of V(Y, g ,S) are constructed in [Mar87| and [Kra90j . 

Using Proposition 15.11 we give M g the unique complex structure which 
makes all of the maps P(E 9 , S) — ► .A/f 9 holomorphic. 

Baily showed in |Bai60t ]Bai62| that M g also has the structure of a quasi- 
projective variety. Wolpert }Wol85| showed using the Weil-Pctersson metric on 
M g that M g has the structure of a projective variety. Alternatively, Deligne- 
Mumford [DM69, Mum71j constructed M g algebraically and showed that it is 
a coarse moduli space for stable genus g curves, and Knudscn-Mumford |KM76| 
showed that M g is a projective variety. 

Jacobians in genus two. By associating a Riemann surface to its Jacobian, 
there is a natural morphism Jac: M g — > A g . 

Theorem 5.3 ( |Nam73j ). The morph ism Jac extends to a morphism 

Jac: M g — > Ag, 

which sends a Riemann surface X to the Jacobian of the normalization of X . 

Determining the imagectf Jac map is in general very difficult; however, this is 
simple in genus two. Let M2 be the subvaricty of M2 consisting of nonsingular 
Riemann surfaces together with pairs of elliptic curves joined at a single node. 
The following proposition is well known. 

Proposition 5.4. The image of Jac: AA2 —* A2 is exactly those Abelian va- 
rieties which are not polarized products of elliptic curves. Furthermore, Jac 
extends to an isomorphism Jac: M.2 —>■ Ai- 

Sketch of proof. The image of Jac contains an open set because these varieties 
have the same dimension, and Jac restricted to M.2 is injective by the Torclli 
theorem. Any map between complete irreducible varieties of the same dimension 
whose image contains an open set is onto, so Jac is onto. 

It's easy to check that the Jacobian of a genus two Riemann surface X can't 
be the polarized product of two elliptic curves (for example this would give a 
degree one map of X to an elliptic curve), so the image of M2 is exactly the 
complement ofjdie locus of polarized products. 

The map Jac is also injective (since the Jacobian of a Riemann surface X 
formed from two elliptic curves joined at a node is X itself), so it is a bijection. 
It follows that Jac is an isomorphism because it is a bijection between two 
normal varieties. ■ 
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Abelian differentials over A4 g . The bundle f2T(£ 9 ) extends to a trivial 
bundle ftT(£ 9 ) over T(S 9 ). The quotient, 

nj4 g = n7(E 9 )/Mod(E 9 ), 

is the moduli space of stable Abelian differentials of genus g. It is an orbifold 
vector bundle over M. g whose fiber over X is (£l(X) \ {0})/ Aut(A). 
Similarly, define the bundle f2I?(E 9 , S) to be the restriction of 

ttT(£ 9 ,S)/Tw(S) 

to T>(T,g, S). This is a trivial bundle whose fiber over a marked, stable Abelian 
differential (/, X) is 0(A). To sec that it is trivial, choose a Lagrangian subspace 
A C _ffi(£ 9 ; Z) which is orthogonal to the homology class of each of the curves 
in S. Then A is fixed pointwise by the action of Tw(5 l ), and 

ft£>(£ 9 , S) = T>(£ g ,S) x Hom(A, C). 



5.3 Degenerating Abelian differentials 

We now study in more detail the geometry of Abelian differentials as they ap- 
proach the boundary of moduli space. For example, we will see that Abelian 
differentials close to a stable Abelian differential (X,u>) with a polar node de- 
velop very long cylinders which are pinched off to form a node in the limit. 
We will then use our understanding of this geometry to study the behavior of 
Jacobians of Riemann surfaces near the boundary of moduli space. Finally, we 
will give two applications concerning real multiplication which will be used in 

m 



Long cylinders. The conformal topology on T(£ 9 ) defined on p. [57] is com- 
patible with the topology on the trivial bundle QT(E 9 ) in the following sense. 
Consider [/: E 9 -> X] g <9T(£ 9 ) with u> g Cl(X). Let U C X be a neigh- 
borhood of the nodes of A, and let K > I. Let Vjj,k be the set of all 
([g: £ 9 — > Y\,rj) G £7T(E 9 ) for which / and g can be adjusted by homotopics 
so that g ° f~ 1 \x\u ^ s conformal, and 

(9 o r 1 )"') 



K- 1 < 



< K 



on X \ U. It is an unpublished result that the Vjj,k are a neighborhood basis 
of ([/: E 9 ^ X],u>) infi7(£ 9 ). _ 

We can use this description of the topology on f2T(£ 9 ) to prove the following 
theorem which gives a more precise description of the shape of an Abelian 
differential close to a stable Abelian differential (X,u>) with X £ dM.2- 

Theorem 5.5. Let (X,lo) g ftT(£ 9 ) with X g T(T, g ,S), and let C d X be a 

compact subset disjoint from the nodes. For any e, h > and K > 1, there is a 
neighborhood U of (A, ui) in f2T(E 9 ) such that each (Y, rj) g U has the following 
properties. 
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• The collapse Y — ► X induced by the markings is homotopic to a collapse 
f : Y — > X which is conformal on C and satisfies 



K 



-l 



< 



f*LU 



< K 



(5.1) 



on C . 



• Each curve in S which represents a polar node of {X, lo) is homotopic to 
a cylinder on Y of height at least h. 

• When g = 2, for each curve 7 in S which represents a polar node of X , if 



then there are saddle connections I\ and I2 on (Y, rj) joining two distinct 
zeros of n of length less than e such that 7 is homotopic to 1\ U I2 and 
(Y, rj) can be split along Ii U I2 ■ 

Proof. The first statement follows directly from the definition of the conformal 
topology on flT(Eg) above. 

Now let p be a polar node of (X, oj). By possibly enlarging the compact set C, 
we can suppose that C contains a cylinder D of height 2h around p. If / : Y — » X 
is a collapse satisfying (|5.1[) with K < 2, then the two boundary components 
of f~ l (D) are at least distance h apart. Furthermore, if K is sufficiently small, 
then the boundary components of f~ 1 {D) both have winding number zero, so 
f~ 1 (D) contains no zeros. Therefore f^ 1 (D) contains a cylinder of height at 
least h, which proves the second statement. 

Now suppose that p is a holomorphic node of (X, uj) and suppose that (|5.2[) 
holds. If e is sufficiently small, then there is a neighborhood U of p isomorphic 
to two disks of radius e/tt joined at a point. By possibly enlarging the compact 
subset C C X, we have dU CC. If ([/: E 2 -»• Y], rj) G V X \c,k with K < 2, then 
/ _1 (C/) is bounded by two curves /3j of circumference less than 2e. Furthermore, 
if K is sufficiently small, then the derivatives of / will be close to the identity, 
and we can assume that the curves (3i have winding number one and positive 
curvature. Since the /3j have winding number one, it follows from the Gauss- 
Bonnet Theorem that rj has two zeros in / _1 (J7), counting multiplicity. Since the 
Pi have positive curvature, there is a shortest geodesic 6 € / _1 (J7) generating 



which implies that S is not a straight geodesic, so it must be a union of saddle 
connections joining distinct zeros. As there are at most two zeros in / _1 ([/), 
the curve S must be a union of two saddle connections I\ and I2 going from a 
zero q to a zero r of rj. By (|5.3|) . we have 
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(5.2) 



Mf'HU)). By f53]) . we have 




(5.3) 



(5.4) 



This means that we can split along 1\ U I2 by the discussion of splitting along a 
union of saddle connections in £14.11 Finally, since S is the shortest curve in its 
homotopy class in / _1 (£/) and the length of /3, is less than 2e, the length of Ii 
must be less than e as claimed. I 

Semi-Abelian varieties. We now introduce a topology on the space of semi- 
Abelian varieties and show that the map which associates to a marked stable 
Riemann surface its Jacobian is continuous. 

A semi complex torus is a quotient A = V/ A, where V is a complex vector 
space containing a discrete subgroup A, such that there is an exact sequence, 

_> (c*) n -> A^B->0, 

where B = V'/A' is a compact complex torus. A principal polarization h! on 
B induces a degenerate Hcrmitian form h on V by pulling back h! by the lift 
4>: V — > V . Such a Hcrmitian form on V is a principal polarization on A. 

Equip Z 29 with the usual symplectic form defined by (|2.1[) . A marked semi- 
Abelian variety is a triple (A, r,0), where 

• A is a semi-Abelian variety, 

• r C Z 2fl is a subgroup of I? 9 on which the symplectic form vanishes and 
which is saturated in the sense that if x £ J? 9 and mx G T for some 
m G Z, then x € T, and 

• is a symplectic isomorphism 5 : T 1 - — » ffi (A; Z) . 

Let 7iJ be the space of all marked semi-Abelian varieties. The subspace of 
H' g consisting of marked Abelian varieties is naturally isomorphic to the Siegel 
upper half plane TL g by the discussion is i j2.ll 

We give 7V g a topology as follows. If 

{A n = V n /A n , r n ,4>n) 

is a sequence in Tt g , then we say that this sequence converges to (^4 = V/A, T, (j>) 
if eventually r„ C T and there are linear isomorphisms ij.'n '■ Vn —> V with the 
following properties: 

• For all a E T^, 

lim -0n 0n(a) = 0(a), 

n — >oo 

• For all a S l? 9 \ T- 1 , the sequence tp n o (j> n (a) eventually leaves every 
compact subset of V. 

• If h n and h are the polarizations on A n and A, then 

]im(4> n )Jh n ) = h 

n 

as Hcrmitian forms on V, 
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This defines a Hausdorff topology on T0 

Over 7iJ is the trivial rank- two bundle WH h consisting of pairs (A, u>), where 
A G 1~0 g and u> G £l(A), the space of holomorphic one-forms on A. 

A choice of a symplcctic isomorphism _ffi(E 2 ; ~ ► ^ 4 defines natural maps 
Jac: T(E 2 ) — * H 2 aim ^ Jac: f2T(E 2 ) — * 0^ 2 , sending a marked stable Rie- 
mann surface to its Jacobian with the induced marking. 

Theorem 5.6. The maps Jac and VL Jac defined above are continuous. 

We will sketch the proof of this theorem below. 

Given any A G T(Yj2,S), we can define a norm || ■ ||x on iJi(E 2 ;K), the 
Hodge norm as follows. Let Vs C _ffi(E 2 ;R) be the subspace generated by the 
curves in S. If 7 i C #i(E 2 ;M), set ||-y]| jk: = 00. On Vg~, let || • \\ x be the 
norm induced by the Hermitian metric on fi(X)* coming from the polarization 
via the embedding Vg — ► f2(X)*. Alternatively, for 7 G Vg - , 

||7||x = sup |w(7)|, 
Ml=i 

where 




Theorem 5.7. Let V^z C i?i(E2;Z) &e £/ie subgroup generated by the curves 
in S. If {X n } is a sequence in T(E 2 ) converging to X in T(E 2 ,,!)), then 

• There exists a C > suc/i that ||7||x„ > C for all 7 G V<j~ z \ Vs ; z. 

• For all D > 0, i/iere exists N > suc/i i/iaf ||7||x„ > -D /or aZ/ 7 G 
i/ 1 (E 2 ;Z)\^ z z/n> A. 

Define for any curve system S on E 2 , 

T(E 2 ,S)=T(E 2 )U (J T(E 2 ,T), 

TcS 

where the union is over all curve systems T C S. The proof of these theorems 
will rely on the following lemma. 

Lemma 5.8. Given any linear map R: Vs — ► K, there is a unique section 
Z 1— ► ljx of OT(E 2 , S) over T(E 2 , S) such that: 

• uoxil) = R(l) f 0T oil 7 G Vs, and 

• Im u>x (7) = /or all 7 G Vg 1 . 

Proof. Let A G T(E 2 , S). We have an exact sequence, 

-> -> 0(A) -> Hom(F<j,C) -> 0, 
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where X is the normalization of X. Choose some rj £ D,(X) such that a; (7) = 
i?(7) for each 7 € Vs- The form rj defines a map, 

S: V^/V S ^R, 

by 5(7) = 111177(7). We have isomorphisms, 

H 1 (X;R)^V S ± /V S , 

and 

Hom(i/i(X;R),M), 

defined by 1— > (7 1— > Imw(7)). Let v £ induce the map above. Then 

wx = i] — v is the desired form, giving the desired section over T(E2, S). I 

Sketch of Proof of Theorem \5.(h Suppose we have a sequence {^n} hi T{Y,2) 
converging to some X £ T(£ 2 , S). To prove that Jac is continuous, we need to 
show: 

• For every section Y 1— > uiy of f2T(£2, S) and 7 £ Vg~, we have 
and 

• For every 7 £ ffi(S 2 ;R) \ 1//, there is a section Y h-> w of fiT(E 2 , S) 
such that |?/x„(7)| — > 00. 

We should also show that the polarizations converge, but we will omit the proof 
of this. 

If X 1— ► ujx is a section of f2T(£ 2 , S), then ujx n converges uniformly to ujx 
away from the nodes of X as in Theorem 15.51 If 7 G Vg~, then 7 is represented 
by a curve on X which is disjoint from the nodes, so u>x n (7) ~~ * ^(7) by uniform 
convergence. 

Suppose 7 £ _ffi(S2;M) \ V<^. By Lemma [5751 there is a section X 1— > ?yx of 
OT(S 2 ,5) such that 

sign 77(0;) = sign(a • 7) 

for every a G Hi(Y<2) representing a curve of S. If n is large, then each 
a £ -Hi (£2) representing a curve of S is homologous to a very tall cylinder C a 
on (X n , rix n ) 1 and this cylinder contributes positively to Im?7x„ (7)- If n is suf- 
ficiently large, then the contributions from these cylinders will be much greater 
then that from the rest of (X n , ?7x„), and we will have Im?7x„ (7) — * 00. ■ 

Proof of Theorem \5.7\ Let {rj 1 } be a basis of Q(X) such that ||r/'|| = 1. There 
is some C > such that 

sup 17/(7)1 >C 

i 

for all 7 G V^ z /Vs,z- Let 

C = ^supCi. 
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For each i, there is a sequence rf n £ £l(X n ) such that 

rfn - V- (5-5) 

By Theorem 15.51 we have 

ikJHihii, 

so we can normalize rf n so that Ht^JI = 1 for all n, and (|5.5[) still holds. By the 
uniform convergence statement of Theorem l5.51 we have for each i and 7 £ Vg- Z , 

1^(7)1 > lwd)\ 

for n sufficiently large. The first claim of the Theorem follows. 

Let ai £ i/i(S2;Z) be homology classes representing each nonseparating 
curve 5, of S. Choose a section Y 1— > ojy of J1T(S 2 ; 5) as in Lemma such 
that 

w(aO = K\{0} 

for each i. We claim that for every C > and 7 £ i?i(£2; Z) \ Vg~ z such that 



sign a • 7 = signwx(o!), 
there is some N for which we have 

\ux n (p/)\ 



(5.6) 



> C 



\\uxj 



for all n > N. The second claim of the Theorem follows because we can choose 
finitely many such sections so that for all 7 £ ffi(S 2 ;Z) \ Vg" z , (|5.6[) holds for 
some section. 

Let M C X be a compact subset which is a deformation retract of the 
complement of the nodes. By Theorem 15.51 there are collapses g n : X n — ► X 
such that 



< 



UJx n 



< K„ 



on M n = g~ 1 (M) with K n > 1 and K n 1. There are also cylinders Cj in in 
X n \M n which represent the homology classes ctj such that if H^ n = height Cj jTl , 
then limTi/i „ = 00. 

The class 7 is represented on each X n by a simple closed curve y n . On X„, 
each cylinder Ci_ n contributes 

K ■ 7l#i,n 

to Im J wx„ ■ There are also segments of 7„ which pass through M n to get from 
one cylinder to another. Let be such a segment. Since we chose uix n so that 
its periods over Vg Z are all real, Im J wx„ doesn't depend on the path takes. 
If n is large, then this integral will be uniformly bounded over each such path 
0, say by 



Im 



< c = diameter (M) + 1. 
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We have 



c n || = ff i; „ + Area(M)j < (r max + Area(M) 



1/2 



where r is the number of curves in S. Also, we have 



Im / to > max Hi „ — c. 



Thus 



l7llx„ > 



Im Xv„ W ^ max,; Fj „ - c 



IpxJI ||wx„|| max, H^ n + Area(M) 

asn^oo. ■ 

Real multiplication near dAi-2- We now use the two previous theorems to 
study eigenforms for real multiplication near dM?- As in the previous para- 
graph, we will write Vs,z for the subgroup of i?i(E 2 ; Z) generated by the curves 
in a curve system S 1 on S2. 

Theorem 5.9. Let X G T(Yi2,S) be a stable Riemann surface whose Jacobian 
has real multiplication by Od- There is a neighborhood U of X in T(Yi2) such 
that for each stable Riemann surface Y G U which has real multiplication by Od, 
the real multiplication preserves the two subspaces Vs,z o/nd Vg Z o/_Hi(£2;Z). 

Proof. If 7 G Vs,z, then we have \\"f\\x = 0, so ||7||x„ as n — > 00. Let 
Pn- Od — > EndJac(A„) be a choice of real multiplication, and let A G Od be 
a generator of Od over Z. If the claim of the Theorem is false, then taking a 
subsequence, we can assume that p n (X) -7 ^ Vs,z for all n. We have 



||p„(A)-7lU„<sup|AW|-||7|| 



This is a contradiction because the right hand side of this equation goes to zero 
while the left hand side is bounded below by Theorem 15.71 

The assertion that Vg~ z is preserved is proved in the same way. I 

Recall that we have the subspace QEd C riA^ 2 of eigenforms for real mul- 
tiplication by Od- We can define real multiplication on semi-Abclian varieties 
just as we did for Abelian varieties in however, we will not require real 

multiplication on a semi-Abelian variety to be proper. Let Q,Ed C OA^2 be the 
closure of VIEd- 

Theorem 5.10. Every stable Abelian differential (X,u>) G Q,Ed is a (not nec- 
essarily proper) eigenform for real multiplication by Od- 



66 



Proof. Suppose (X n , uj„) is a sequence in f2T(E 2 ) is a sequence of ti-eigenforms 
for real multiplication by Od converging to some (X, u 1 ) with X £ T(T,2,S). 
Let w 2 £ ft.(X n ) be a sequence of t 2 -eigcnforms. Taking a subsequence and 
suitably normalizing the we can assume that uj 2 — > w 2 for some nonzero 

u? g n(jf). 

We claim that the w 1 span f2(X). Suppose not. Then to 1 = cut 2 for some 
c £ C Choose some a £ Vg" z such that uj l (a) 7^ 0, and let A £ Od \ Z be a 
generator of Od over Z. Then for n large, 

\^w\a) ~ ^( Pn (A) • a) ~ a^(p„(A) • a) = cA< 2 >w£(a) ~ A^a), 

a contradiction because A' 1 ) 7^ A^ 2 ). 

Now via the dual bases to {w^} and {lo 1 }, we can identify n(X n )* and f2(X)* 
with C 2 . We then have natural embeddings 

<p n : /fi(S 2 ;Z) -> C 2 , and 

such that 

Jac(X„) = C 2 / Im0 n , and 
Jac(AT) = C 2 /Im0, 

and <p n — > as n — > 00. The real multiplication on Jac(X„) lifts to 

p(z 1 ,z 2 ) = (X^z 1 ,X^z 2 ) 

on C 2 . Since <p n — > 0, the map p preserves Im</>, so defines real multiplication 
on Jac(X) with w 1 an eigenform as desired. ■ 
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6 Local coordinates for strata in QA4 2 



While the stratification of SIM2 is very simple, consisting of only two strata, the 
natural stratification of QM2 is much more complicated. With the appropriate 
definition of a stratum, there are seventeen different strata in f2A^2- It will be 
necessary for our study of the compactification of Xp to understand them. In 
particular, we will need to give local coordinates on QM2 around most of these 
strata. In §6.1[ we will define the stratification of SIM.2, give notation for the 
various strata, and list the seventeen strata in flA42- In the rest of this section, 
we will then discuss each stratum in turn. 

6.1 Strata in QM 2 

Given two stable Abelian differentials (Xi,lo\) and (JT 2 ,cj 2 ) G QM2, say that 
they are in the same stratum of SIM.2 if there is a homcomorphism / : X\ — > X2 
with the following properties: 

• / takes zeros of lo\ to zeros of lo 2 of the same order. 

• / takes polar nodes of (Xi,u>i) to polar nodes of (X 2 ,lu2)- 

• / takes irreducible components of X\ on which lo\ vanishes to irreducible 
components of X2 on which L02 vanishes. 

Notation for strata. We now introduce notation for the various strata in 
VlM.2- Let S C £2 be a curve system, and define flT 2 °(S) to be the locus of all 
(X,lo) G tiT 2 such that: 

• X G T 2 (S); 

• The form to has poles at the nodes corresponding to nonseparating curves 
in S. 

If T E S is a nonseparating curve, then define SIT® (S, T) to be the locus of all 
(X,u) G S1T 2 such that: 

• X G T 2 (5); 

• The form ui has poles at the nodes corresponding to nonseparating curves 
in S \ T; 

• The form lo is holomorphic at the node corresponding to the curve T. 
If n is either (2) or (1, 1), then let 

nr 2 °(5;n) c £IT 2 °(S) 

be the locus of (X, lo) G flT 2 (S) where in addition, lo has zeros whose orders 
are given by n. 
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Let SIM%(S,T) and QM%(S) and fi.Mg(S;n) be the images in SIM 2 (S) of 
the corresponding spaces defined above. 

Let nV' 2 (S,T) be the locus of Abelian differentials (X,u>) € flV 2 (S) such 
that either J T U) = or T represents a holomorphic node on (X,ui). This is a 
nonsingular hypersurfacc in QT> 2 (S). 

Let ilV 2 (S) be the locus of Abelian differentials (X,uj) G VLT> 2 (S) such that 
each nonscparating curve of S\ T is represented by either a polar node of (X, uj) 
or a cylinder on (X, w). Given a curve T £ S, let 

fiZ>£ (S,T) C nV 2 (S,T) 

be the locus of (X, uS) with the following properties: 

• Each nonseparating curve of S \ T is represented by either a polar node 
of (X,uj) or a cylinder on (X, uj). 

• A curve 7 which is either T or a separating curve in S is either represented 
by a holomorphic node of (X, uj) or is homotopic to a union I U J (J) of a 
saddle connection / with its image under the hypcrelliptic involution J. 

By Theorem[531 QV^(S,T) is a neighborhood of QT 2 °(S,T) in f22?' (5,T). 
Also, let 

OP^(S*,n) C nx>§(s) 

be those {X, uj) £ HT> 2 (S, T) such that u> has zeros whose orders are given by n. 

Up to the action of the mapping class group, there are six curve systems in 
£ 2 , shown in Figure [71 We will denote by Tij a curve system with i separating 
curves and j nonseparating curves. Such a curve system is unique up to the 
action of the mapping class group. We will write TJj • with k = 1, . . .n for the 
n individual curves of Tij, and we will always order the curves so that if Tjj 
contains a separating curve, then it is the last curve T"^. 

The seventeen strata. Here is a list of the seventeen strata in flA4 2 . 

1. f2A^2(l,l) is the stratum of nonsingular Abelian differentials with two 
simple zeros. 

2. Q,M 2 (2) is the stratum of nonsingular Abelian differentials with a double 
zero. 

3. £IA4 2 (T -J is the stratum of stable Abelian differentials consisting of two 
nonzero genus one Abelian differentials joined at a node. 

4. flM^Ti ; 1, 1) is the stratum of stable Abelian differentials with one non- 
separating polar node and two simple zeros. 

5. f2A^§(^i 0! 2) is the stratum of stable Abelian differentials with one non- 
scparating polar node and one double zero. 
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6. f2 At 2(^1 oi^io) is the stratum of stable Abelian differentials with one 
nonseparating holomorphic node. These can be regarded as genus one 
Abelian differentials with two points joined to a node, and they have no 
zeros. 

7. CIM.2(T 2 0)^2 0) i s the stratum of stable Abelian differentials with one 
nonseparating holomorphic node and one nonseparating polar node. These 
can be regarded as the differential adz/z on C* with the points and 00 
identified to form a polar node, and with two points in C* identified to 
form a holomorphic node. 

8. fiMjC^a oi 1) 1) i s the stratum of stable Abelian differentials with two 
nonseparating polar nodes and two simple zeros. 

9. oi 2) is the stratum of stable Abelian differentials with two non- 
separating polar nodes and a double zero. 

10. 0^2(^2 1) is the stratum of stable Abelian differentials with two nonsep- 
arating polar nodes and one separating holomorphic node. These can be 
regarded as two infinite cylinders with the ends of the cylinders identified 
to form polar nodes and one point from each cylinder identified to form a 
holomorphic node. 

11. JXM^Tg ) is the stratum of stable Abelian differentials (X, ui) with three 
nonseparating polar nodes. These have two simple zeros, one in each 
irreducible component of X. 

12. ftMi^Tg q, X3 q) is the stratum of stable Abelian differentials with two non- 
separating polar nodes and one nonseparating holomorphic node. These 
differentials have no zeros. 

13. flM^^i 1) is the stratum of stable Abelian differentials with one nonsep- 
arating polar node and one separating holomorphic node. 

14-17. There are four other strata consisting of stable Abelian differentials (X, oj) 
which vanish on some irreducible component of X. There is one such 
stratum corresponding to the curve system T l , one corresponding to the 
curve system T 2 1; and two corresponding to the curve system T l 1 . 

We will now go down this list and discuss each of these strata. We will not 
discuss the stratum fJA^l, 1) because wc don't need to know anything more 
about it, and we will not discuss the strata 13-17 on this list because they do 
not arise in this paper. 

6.2 The strata OM 2 (2) and QM 2 (T ,i) 

The strata £XM 2 (2) and £IM2(T 01 ) are suborbifolds of flM 2 . We will see 
this explicitly by extending the period coordinates on these strata to period 
coordinates on a neighborhood of these strata. 
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Period coordinates for OM 2 (2). The map Per: VlT 2 -> H 1 (E 2 ;C) is a 
submersion by the period coordinates from £|4.2i so the fibers of this map are 
the leaves of a foliation A of 1772 by Riemann surfaces along whose leaves the 
absolute periods of Abelian differentials are constant. This foliation meets the 
stratum V1T2 (2) transversely because the restriction of Per to this stratum is 
locally biholomorphic. 

We can locally parameterize the leaf L of A through some (X, to) £ 117^(2) 
using the operation of splitting a double zero from ij4.1l as follows. Choose e > 
such that every geodesic segment starting at the zero p of (X, id) of length less 
than e 3 is embedded in X. Since p is a cone point of cone angle 6tt, we can 
parameterize short geodesic segments starting at p by the e-disk A e C C by 
associating continuously to a point z £ A e a geodesic segment I{z) C X such 
that 

lu = z 3 . (6.1) 

-W 

The map <\>: A e — > L defined by 

cj>(z) = (X,u)# I(z) 

is holomorphic and satisfies <p(z) — 4>{—z) because the segments I(z) and I(—z) 
differ by an angle of 3ir, and so these segments determine the same "X" in (X, 10) 
(see Figure [3]), along which we perform surgery to form <f>(z). Furthermore, 
4>{z) = 4>{w) if and only if z = ±w, so </> lifts to a map <j) defined by 

4>{z) = (X,w)# J(z i/ 2) , 

which maps A c conformally onto a neighborhood of (X,u>) in L. 

Now let U C £IT 2 (2) be a small neighborhood of (X, lo). We can parameterize 
the above construction to define continuously for each (Y, rj) s U and z G A c 
(possibly making e smaller) a geodesic segment I(Y,r)) i z ) on ^ starting at the 
zero of rj such that 

/ v = z 3 - 

Define [/ x A e fiT 2 by 

*((y,Tj),«) = (y J i 7 )# J(y>fi)( ,i /a) . 

$ gives a conformal isomorphism of {(Y, rf)} x A e onto a neighborhood of 
(F, 77) in the leaf of ^4 through (Y, 77). Since A is transverse to 072(2), it follows 
that <& is biholomorphic onto its image in 07^(2) if J7 and e are sufficiently small. 
By considering the inverse of $, we obtain the following local coordinates around 
points in OT 2 (2). 

Proposition 6.1. Every (X,co) £ flT(2) has a neighborhood V such that: 

• Each (Y, 77) £ V has either a shortest saddle connecting distinct zeros or 
a double zero. 
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• The multi-valued function, 

has a single-valued branch y. 

• The product Per x y : V -> H 1 (E 2 ; C) x C is biholomorphic onto its image. 

Period coordinates for fiA^Tg i)- The stratum fLM2(T x ) is a suborb- 
ifold of isomorphic to the symmetric square of fiA4i,i. We give local 

coordinates for this stratum just as for ^^2(2) using the connected sum con- 
struction. As above, let Per: £IT>2(T x ) — > i/ 1 (E 2 ;C) be the natural period 
map. 

Each (X, to) £ £772 (T 1) is a one point connected sum of two genus one 
differentials: 

(X,w) = {X 1 ,uj 1 )#(X 2 ,ij 2 ). 

Given a small open set U C ilT2(T x ) and a sufficiently small e > 0, we define 
a holomorphic map <f>: U x A e — » $12?2 (T 1) by 

$((X,U)),Z) = (*i,Wi)# /( ,i/ a) (X 2 ,W2), 

where J(z) C C is the segment joining to e. 

If (Y, 77) € riI?2(?o 1) has a unique shortest saddle connection /, then define 

y(Y,v)= (f ti) ■ 

By taking an inverse of <E>, we obtain local coordinates around £IT 2 (T L ) as 
above. 

Proposition 6.2. Every (X,cu) <E U,T2(T x ) /ias a neighborhood V C f22? 2 (T x ) 

• Each (y, ry) € V /las either a shortest saddle connecting distinct zeros or 
a separating node. 

• The function Per xy.V -> i7 1 (E 2 ;C) x C is biholomorphic onto its image. 

6.3 The strata OA/^(T li0 ; 1, 1) and QM° 2 (T lfi ; 2) 

The locus OM^T-l o) - the union of the strata OM^T; ; 1, 1) and ; 2) 

- is a four dimensional orbifold. It can be naturally embedded in the bundle 
fi'.Mi j2 consisting of meromorphic Abclian differentials (X,uj) on an elliptic 
curve X with simple poles at two marked points p and q such that 

ReSp uj = — Kes q oj. 

Its image is the complement of the sub-line-bundle where these residues are 
zero. The stratum fiA^C^i ; 1, 1) is an open, dense suborbifold of QM 2 (T 10 ), 
and flM^^i ; 2) is a closed, three-dimensional suborbifold. 
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Local coordinates. We now give local coordinates on neighborhoods of these 
strata. Choose a symplectic basis {aj,/3j}f =1 of f/i(£ 2 ;Z) such that a\ repre- 
sents the single curve in T 10 . 

Define functions on £lv\(T 1 ) as follows: given (Y, rf) G SVD^T-y ), define 

v = ij(qi) 

x = 7](f3 2 ) 

where we consider z(Y, rf) to be if Y has a node. These are well-defined 
functions because at, 012, and 02 give well-defined homology classes on Y via 
the marking, and 0\ gives a homology class on Y which is well-defined up to 
adding a multiple of ot\. These are all holomorphic functions on U . This follows 
from the fact that these functions are all holomorphic on fil^C^i 0) \ ^2°(^i 0) 
because periods vary holomorphically, together with the fact that these functions 
are all continuous on U, which follows from Theorem 15.51 Functions which 
are continuous and holomorphic on an open dense subset of their domain are 
holomorphic, so these functions v, w, x, and z are all holomorphic. 

Now, let (X,uj) G Q,T 2 (T 1Q ), and let U C ttV%(T 1Q ) be an open neighbor- 
hood of (A, u>) with a continuous choice of a saddle connection I(Y.-q) on each 
(Y, rf) G U joining distinct zeros. If (A, lj) has two simple zeros, then we can also 
continuously orient these saddle connections, but this is not possible if (X, ui) 
has a double zero. For (Y, rf) G U, define 

Jj rj if (X, lo) has two simple zeros; 

( Ii Y ) 'v ^ nas a double zero, 

If U is sufficiently small, then the functions (v, w, x, y) are a system of holo- 
morphic local coordinates on CIT^T-^ ) n U by (a simple generalization of) the 
period coordinates from |Vee90| together with the argument of Proposition l6.ll 

Recall that in H4. 11 we defined the unplumbing operation which replaced an 
Abclian differential with a choice of a cylinder with a new meromorphic Abclian 
differential with two simple poles. Since these poles have opposite residues, we 
can join them to a node and obtain a stable Abelian differential. 

Define the unplumbing map to be the function, 

V>: n2?g(T 1)0 ) - QT 2 °(T h0 ), 

defined by sending (Y, rf) to the Abelian differential obtained by unplumbing 
the cylinder on Y which is homotopic to the single curve in the curve system 
T x . The function ip is continuous and is holomorphic on 

QV° 2 (T h0 )\QT 2 °(T h0 ), 

as can easily be seen using period coordinates, so ip is holomorphic on all of 
^2(^1,0)- Let * = ^ x z. 



r){a 2 ) 
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Proposition 6.3. The map \& is a biholomorphic map o/ fil?!? (T^ ) onto its 
image in QT® (Tj ) X C. 

It follows that if U is sufficiently small, the functions (v, w, x, y, z) are a 
holomorphic system of local coordinates on the neighborhood U of (X, u>). 

Proof. We can show that \& is biholomorphic onto its image by constructing a 
holomorphic inverse. Given (Y, w) E QTj^Tj ) and u E C* , if \u\ is sufficiently 
small, then we can uniquely plumb a cylinder into the node of (Y, rf) to form a 
new nonsingular Abclian differential (Y' , rf) such that z(Y' , rf) = u. The point 
is that the plumbing construction is determined by two quantities: the height of 
the resulting cylinder, and the twist of the gluing map; the height is determined 
by and the twist is determined by argu. 

Let V C QT 2 "(T 10 ) x C be the open neighborhood of QT 2 °(T 10 ) x {0} where 
this operation is defined, and let <&: V — > fiX'^^i o) be the plumbing map. The 
map <f> is continuous and is holomorphic on V \ {£IT 2 (T\ ) x {0}) by period 
coordinates, so it is everywhere holomorphic. The maps <!> and ^ are inverse to 
each other, so both are biholomorphic. 

The last statement then follows from the fact that (v,w,x,y) are a system 
of local coordinates on CIT^T-l ) on a neighborhood of (X, ui). ■ 

Cylinder covers. The stratum A^C^i ) C A^2 of stable Riemann surfaces 
with one nonseparating node is naturally isomorphic to the moduli space 
of elliptic curves with two marked points, and we will implicitly identify them. 
In .M 2(7^0), let M.2(T\ o){d) be the locus of all X such that the two marked 
points on X differ by exactly d-torsion in the group law on the underlying elliptic 
curve. This locus M.2(T\ o)(^) ^ s isomorphic to modular curve W/Ti{d). 

Given a marked elliptic curve X in M.\^, call a meromorphic function 
/ : X — > P 1 a cylinder cover if the poles and zeros of / are located at the 
two marked points of X. By Ricmann-Hurwitz, such an / has two other branch 
points counting multiplicity. We say that / is primitive if / is not of the form 
g r for some meromorphic function g and r > 1. A meromorphic Abclian differ- 
ential (X,uj) in Q'Mi.2 is a cylinder covering differential if u = df/f for some 
primitive cylinder cover. The degree of uj is the degree of the primitive cover. 
In terms of stable Riemann surfaces, a cylinder cover is a morphism f:X—*C, 
where X E ^2(^1 ), the curve C is P 1 with and 00 identified to form a node, 
and the inverse image of the node of C is the node of X. 

Let fiA^CTi )(d) be the locus of degree d cylinder covering differentials in 
OM§(T li0 ). 

Proposition 6.4. A stable Riemann surface X E ^2(2^10) has a degree d 
cylinder covering differential if and only if X E M.2^T\ o)(°0; ™ which case it 
unique up to constant multiple. 

Proof. To prove uniqueness, assume that / and g are two degree d cylinder 
covers. This means that / and g have the same zeros and poles, so / = eg for 
some c E C. Thus df/f = dg/g. 
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Recall that if E is an elliptic curve and Div (E) is the group of divisors 
of degree on E, then there is a natural map fi : Div (£) -► E, defined via 
the group law on E. Abel's Theorem says that a divisor D £ Div (E) is the 
divisor of a meromorphic function on E if and only if fi(D) = (for example, 
see |GH78l p. 235]). 

Now let X £ M.2{Ti ), which we'll regard as an elliptic curve with two 
marked points p and q. Choose an identity point on X , fixing the group law. 
If X has a degree d cylinder cover / : X — ► P 1 , with its zeros at p and its poles 
at q, then (/) = dip — q) (where (/) denotes the divisor associated to /), and 
by Abel's Theorem, d(p — q) = in the group law on E\ that is, p and q differ 
by d-torsion. 

We need to show that there is no e < d with e\d and e(p — q) = 0. Suppose 
there is such an e. Then by Abel's Theorem again, there would be a mero- 
morphic function h on X with (h) = e(p — q), which implies that h is a degree 
e cylinder cover. By the uniqueness statement, / = ch d / e for some c £ C, 
contradicting primitivity of /. 

The proof of the converse of this proposition is also a straightforward appli- 
cation of Abel's Theorem and will be left to the reader. ■ 

Corollary 6.5. The suborbifold POM^C^i )(d) o/POMf](T 10 ) is isomorphic 
to M/T^d). 

6.4 The stratum 0^(^,0,^0) 

We now give local coordinates around the stratum fiA^C^i 01 ^fo)- We will 
actually only give local coordinates on a hypersurface containing this stratum, 
but this will be sufficient for our purposes. 

Let {aj, f3i}f = i be a symplectic basis of Hi (£2; Z) as in the previous section. 
Given (F, 77) £ f2X)g(T 10 ,T 1 1 i0 ), define 

w = 77(0:2) x = 77(^2 ) 




where I is one of the two saddle connections on (Y, 77) such that / U J (I) 
is homotopic to the curve T^ in T 10 . These are holomorphic functions on 
nV°(T 10 ,Tt ). If (Y,rj) £ ttT°{T 1Q ,Tl Q ) is regarded as a genus one differen- 
tial with two marked points, then y( Y, 77) is the integral of r\ along a path joining 
the marked points. The functions (w, x, y) are a system of holomorphic local 
coordinates on QT£(T lfi , T^q). 

Proposition 6.6. For any (X,cu) £ HT^i^ , X^q), the functions (w,x,y,z) 
define a system of holomorphic local coordinates on a sufficiently small neigh- 
borhood of (X,u>) in Q,T>2(T 10 , T^ ). 
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Sketch of proof. The proof of this proposition is completely analogous to the 
proof of Proposition [6T3J Let 

V: nDS(r li0l ^ ) -> m?(T h0 ,Tl ) 

be the map which sends an Abelian differential to the one obtained by splitting 
along the union of saddle connections I Li J (I) homotopic to the curve T^ Q . Let 
$ = ^ X z. This is a holomorphic map, 

*: nV° 2 (T h0 ,Tl ) - ni?(T h0 ,Tl ) x C 

Given any heC, let I(u) C C be the segment connecting to u. For any 
(Y,rj) € Q,T 2 (T 1 qj^io)) regarded as a genus one differential with two marked 
points, if \u\ is sufficiently small, then there are two parallel embeddings 

Ifr 1 '*) ^ (y,rj), 

each sending to one of the marked points of (Y, rf) . Let 

T/c^r 2 °(T li0 ,r 1 1 i0 )xc 

be the neighborhood of flT^i^ , T^ ) x {0} where these two embeddings e.j 
exist, and define 

$:V^nV° 2 (T h0 ,Tl ) 
to be the map which replaces (Y, rj) with the self connected sum 

$ is a holomorphic map, and since $ and are inverse to each other, both 
are biholomorphic. It then follows from the fact that (w,x,y) give local coor- 
dinates on HT 2 °(T 1 ,Tl ) around (X,ui) that (w,x,y,z) give local coordinates 
on fiX>§(T 1)0) T^o) around {X, lo). ■ 

The (i-torsion locus. Let 

¥nM° 2 (T h0 ,Tl )(d) c mMl(T h0 ,Tl ) 

be the locus of genus one differentials such that the two marked points differ 
by torsion of degree exactly d. One can show using period coordinates that 
¥nM^(T 10 ,Tl ){d) is a suborbifold of ¥flM 2 (T 10 , T^ ). We have the isomor- 
phism, 

mM° 2 (T lfi ,Tl )(d) - M 2 (T U0 )(d) - H/T^d). 
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6.5 The stratum OA/^(T 2i0 , T 2 2 ) 

We now define local coordinates on a hypersurface containing the stratum 
QM 2 (T 20 ,T 20 ). Choose a symplectic basis {cti,(3i}^ =1 of Z/ 1 (E 2 ;Z) such that 
on represents the curve T 2Q in T 20 . Given (Y,n) € QV 2 (T 2 , T 2 ), define 

w = 77(0-1) 

y = e 2u-ir/(/3i)/r)(ai) 

where / is a saddle connection joining distinct zeros on (Y, rf) such that / U 
J (I) is homotopic to the curve T 20 . These are holomorphic functions on 
£1T> 2 (T 2 0' -^2 o)' ana - the functions (w,a;) are holomorphic local coordinates on 
ClT 2 (T 20 , Tf ). 

Proposition 6.7. Given (X,ui) <G VlT 2 (T 2 , T^g), the functions (w,x,y, z) give 
a system of holomorphic local coordinates on a sufficiently small neighborhood 
U of(X,u>) m ra?°(T 2 , ,T 2 2 ). 

The proof is a straightforward combination of the proofs of Propositions 16.31 
and 16 -61 so we will omit it as well of the proofs of further similar descriptions of 
local coordinates. 

Points in F£IM%(T 2 >0> T 2 2 ). Every Abelian differential in FSlM%(T 2fi ,Tg fi ) 
can be obtained by the following construction: given r £ C/Z, let f r be the 
Abelian differential obtained from the cylinder (C/Z, dz) by identifying the ends 
of the cylinder to form a polar node and identifying the points and r to form 
a holomorphic node. Two Abelian differentials f r and / r < are the same if and 
only if r and r' are related by the group G generated by the transformations 
and z i— > — z. This gives an isomorphism of PfLM 2 (T 2 , T 2 ) with 

(C\Z)/G-(C\{0,l})/(z^z- 1 ). 
InPOX°(T 2!0 ,T 2 2 ),let 

FnM° 2 (T 2fl ,Tl Q )(d) = \Jf q/d , 

where 

A = {q e Z : gcd(<7,d) = 1}. 

We can regard PflA4 2 (T 2 a ,T 20 )(d) as the locus of stable Abelian differentials 
(X, [lu]) £ PfiA^§(T 2 ,T 2 2 ) such that - if we regard (X,u) as (C*,dz/z) with 
two marked points the two marked points differ by exactly d-torsion in C*. 
PfiAl 2 (T 2j0 , r| ) contains N points, where 

N= {l Hd=2; 
l|0(d) ifd>2. 
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6.6 The strata OM°(T 2i0 ; 1, 1), nM° 2 (T 2fi ; 2), and OM§(T 2 ,i) 

We now give local coordinates around the strata VLM 2 (T 2 ; 1, 1), SIM 2 (T 20 ; 2), 
and JlM^C^i)- ^ n eacn °f these cases, let {oii,Pi}f =1 be a symplectic basis 
of ifi(£2|Z) such that the a-j represent the nonseparating curves of the curve 
system. Fix an Abelian differential (X,u) in Q,T 2 °(T 20 ; 1, 1), f7r 2 (T 2 ; 2), or 
fiT 2 (T 21 ), and choose a small neighborhood [/ of (X,u) in fiX>^(T 2 ; 1, 1), 
OX>2(T 20 ), or ilT> 2 (T 2 x ) respectively. If U is sufficiently small, then we can 
continuously choose for each (Y, 77) € U having distinct zeros a saddle connection 
I(Y,r)) connecting those zeros. If (X, u) has two distinct zeros, then we can also 
continuously choose an orientation for these saddle connections, but this is not 
possible if it has a double zero or a separating node. Given (Y, 77) G U, define 

w = 77(0:2) 

(J lV if (I.^e^fT^M); 

X =\(J I V) 2/3 if (X,c)efiT 2 (T 2i0 ;2); 
{(J lV ) 2 if(X, W )ef2T 2 (T 2il ). 

These are holomorphic functions on U, and (v, w, x) give a holomorphic system 
of local coordinates on flT 2 (T 2 ) in the first two cases. In the last case where 
(X, uj) G VlT 2 (T 2 x ), the (v, w, x) give a system of local coordinates near (X, uj) 
on the subspace of flT> 2 (T 2 ± ) where the nonseparating curves of T 2 1 remain 
nodes. 

Proposition 6.8. The junctions (v, w, x, y, z) give a system of holomorphic 
local coordinates on a neighborhood U of (X, uj) in flD®(T 2 ; 1, 1), flD 2 (T 2 ; 2), 
or nV° 2 (T 2A ). 

Curves in We now discuss some curves in PO.M2 which will play a 

prominent role in the rest of this paper. Given A € C* , let C\ be the locus 
of points (X, [uj]) E PO.M2 having two nonseparating nodes and possibly a 
separating node such that the ratio of the residues of uj at the two nonseparating 
nodes of X is iA* 1 . Two such curves C\ and Cy coincide if and only if A' = 
ztA* 1 . Also, let c\ e P51A^2 be the Abelian differential with three nonseparating 
nodes and residues I, A, and A — I as in Figured] 

Proposition 6.9. The curve C\ C PilA^2 is a twice-punctured sphere. If 
A = ±1, then it is an orbifold locus of order two; otherwise it contains no 
orbifold points of VQA42- The punctures of C\ are the two points c\ and c\+i. 
The curve C\ contains exactly one point of¥flj\4 2 (T 2 j). 

Proof. Let C° C C\ be the subset of differentials with no separating node. We 
claim that C° is a thrice-punctured sphere. The natural map C° — > M.2{T 2 ) 
is an isomorphism. Let M.™™ be the moduli space of four numbered points 
on P 1 . There is a natural map n: M$ u ™ — > M-2{T 20 ) which sends the point 



v = 77(0-1) 



= 27rir;(/3i)/T;(ai) 
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(pi,P2,P3,Pa) € A^q"™ to the stable Ricmann surface obtained by identifying 
(PI1P2) and (P3-,P4:) to nodes. There are four ways to renumber the points pi 
to get the same stable Ricmann surface, so a fiber of 7r potentially contains 
four points; however, the automorphism group of the pi contains a Klein four- 
group whose action on the pi realizes any renumbering of the pi which preserves 
the decomposition into the two sets {^1,^2} and {^3,^*4}. Therefore ir is an 
isomorphism. There is thus an isomorphism tt : A4q u ™ — * C°, defined by sending 
the point Q = (pi,P2,P3,Pi) € MJj™ to (X,u), where X = 7r(Q), and u> 
is induced by the unique meromorphic Abelian differential 77 on P 1 having a 
simple pole at each pi with residue given by 

Rcs Pl r) = 1 Res P2 77 = —1 

RcSp 3 r) = A Rcs P4 rj = — A. 

It is well known that .Mp™ is a thrice-punctured sphere, so C° is as well. 

Cusps of .Mp™ correspond to isotopy classes of simple closed curves in P 1 \ 
{Pi}t=i U P to the action of the modular group Modp™ of self-homeomorphisms 
of P 1 fixing each of the pi up to isotopy fixing the pi. There are three such 
isotopy classes of curve. These are shown in Figure [9] with the corresponding 
limiting Abelian differential in P£1A^2- Thus we see that C\ contains one point 
in PilM^C^ 1)1 an< i the two cusps of C\ are as claimed. 

To obtain the statement about orbifold points, note that for each (X, [lu]) e 
C\, the automorphism group of X is the Klein four group. If A = ±1, then all 
of these automorphisms stabilize the projective class of lu, while if A 7^ ±1, only 
the hyperelliptic involution stabilizes [to]. I 

Proposition 6.10. //A ^ ±1, then PSIA^T^ o'i 2) meets C\ in exactly one 
point. Otherwise they are disjoint. 

Proof. Define an isomorphism 7r: C \ {0, 1} — > C° by p(w) = (X m ,w w ), where 
X w is the stable Ricmann surface obtained by identifying the points {0, 1} and 
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{w, 00} to nodes, and u) w is induced by the meromorphic Abelian differential, 

1 1 A ) dz 

dz, 



Z Z — 1 

Xz 2 + (-1 - \)z + w 
z(z — l)(z — iu ) 



The differential w' w has a double zero if and only if 

Xz 2 + (-1 - X)z + w 

has a double zero in C\ {0, 1, w}, which happens if and only if the discriminant, 

A w = (1 + A) 2 - 4Aiy, 

vanishes for some w G C \ {0, 1}. This happens if and only if A 7^ ±1, in which 
case, there is a unique w such that A w = 0. Thus there is a unique Abelian 
differential in C\ with a double zero if A 7^ ±1, and there is no such Abelian 
differential if A = ±1. ■ 

For A ^ or ±1, let w\ G C\ be the unique point representing a stable 
Abelian differential with a double zero. Also, for A ^ 0, let p\ G C\ be the 
unique point representing a stable Abelian differential with a nonseparating 
node. 



6.7 The stratum SlM%(T 3fi ) 

We now give local coordinates around points in ft/Vf 2(230)' the stratum of 
stable Abelian differentials with three nonseparating polar nodes. There is a 
unique stable Riemann surface X G M.2(T 3 0) consisting of two thrice-punctured 
spheres with the cusps joined together to form three separating nodes. The au- 
tomorphism group of X is S3 x Z/2, with S3 acting on each irreducible compo- 
nent of X by permuting the nodes and Z/2 acting by permuting the irreducible 
components of X. This means that the stratum ttftA^CT^o) is isomorphic to 
C 2 /(5 3 x Z/2). 

Choose two points p,ge S2\T 3 . Let on G iJi(S 2 \{p, q}', Z) be a homology 
class representing the curve T3 G T 3 - Let 7, G _ffi(E2, {p, g}; Z) be homology 
classes such that a, ■ 7j = <5^j (see Figure [T0|) . 

Any marked stable Abelian differential (/, (Y, 77)) G f2X>2p3o) nas three 
cylinders homotopic to the curves T3 of T 3 and two simple zeros, one in 
each component of the complement of the cylinders. We can change / to a 
marking fi by an isotopy so that fi takes each curve T 3 into the cylinder Ci 
and takes the points p and q to zeros of r\. Two such markings fi and / 2 which 
are isotopic to / are isotopic to each other by an isotopy sending for all time the 
points p and q to zeros of r] and sending the curve T 3 into the cylinder C 2 ; . This 
means that we can regard the classes a% as homology classes in Hi(Y\ Z(?y);Z) 
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Figure 10: Homology classes in f/i(£ 2 , {p, <?}; Z). 



and the 7^ as homology classes in Hi(Y, Z(r]);Z), well-defined up to adding a 
multiple of on (because the marking / was only defined up to Dehn twist around 
the curves of T 3 ). 

Given (Y,rf) '<= QV%(T 3 ), define 

v = rj(ai) w = 7y(a 2 ) 

X = e^vh^/niai) y _ e 2-!Tiri(j2)/n(a2) 

These are well-defined holomorphic functions on f2Z>2(T 30 ), and the coor- 
dinates (v,w) define a map flT 2 °(T 30 ) — * C 2 which is biholomorphic onto its 
image. 

Proposition 6.11. The functions (v,w,x,y,z) define a map r22? 2 (T 30 ) —* C 5 
which is biholomorphic onto its image. 

6.8 The stratum aM^(T 3i0 , T 3 3 ) 

Finally, consider the stratum fi.M^Tg , Tf ). An Abclian differential in this 
stratum can be regarded as a pair of infinite cylinders with an end of each 
cylinder identified with an end of the other cylinder to form two polar nodes, 
and with a point from each cylinder identified to form a holomorphic node. The 
stratum fJ.M^Tg oj r| ) is isomorphic to C*/ ±1, with the isomorphism sending 
(X, u) to the residue of lu at one of the polar nodes. The whole stratum is an 
orbifold locus of order two in f2.M 2 , because each (X, u>) in this stratum has an 
involution which switches the irreducible components of X and preserves u>. 

Choose a symplectic basis {cti 7 f3i}i = i of 7?i(E 2 ;Z) such that oti represents 
the curve T^ , and let a 3 <G i/i(E 2 ;Z) be a class representing T^ . Given a 
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marked stable Abelian differential (Y,r]) e QT>2(T 3 , T| ), the class Pi deter- 
mines a class in H\(Y; Z) which is well defined up to adding multiples of on and 
013. This means that 

is a well defined complex number because 77(03) = 0. 
Given (y, ?7 ) e ra? 2 (T 3i0 ,T3 3 ), define 

w = T]{ ai ) x = e 2*Mfc)M<*i) 



2 



where / is a saddle connection on (Y, 77) such that / U J(I) is homotopic to the 
curve T3 . The coordinate w defines an isomorphism SIT^T^ 0l T 3Q ) ~~ * 

Proposition 6.12. T/ie coordinates (w,x,y, z) give a biholomorphic isomor- 
phism of flT>2{T 3 0,^3 0) on ^° its image in C . 
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7 Limits of eigenforms 



7.1 Introduction 

We now begin the study of the compactification of Xd- Recall that we have 
the locus Ed C Pf2A^2 of eigenforms for real multiplication by On, and there 
is the isomorphism j\ : Ed — > Xd \ Pp from Proposition 14.41 The inverse of 
ji extends to an embedding ki : Xd — > Pi7A^2- In this section we will study 
the closure of Xd in which we denote by Xd- Our goal is to classify 

exactly which stable Abelian differentials lie in Xd\ Xd and to understand the 
local structure of Xd and its strata around these points. More precisely, for 
each (X, [oj]) £ Xd wc will: 

• Choose a neighborhood of (X, [uj]) in W1M2 of the form U/ Aut(X, [oj]), 
where U is a neighborhood of (X, [u>]) in an appropriate Dehn space; 

• Give local coordinates on U as in ^SJ 

• Give explicit equations for the inverse image %~ (Xd) in U . 

This procedure will be slightly modified when (X, [lu] ) has a nonseparating holo- 
morphic node. In that case, we will only give local coordinates on a hypersurface 
V in U which we will show contains the inverse image h~ 1 (Xd) in U. 

We will see that Xo in general has non- normal singularities along curves in 
Xd \ Xd- To get a less singular compactification, we will pass to the normal- 
ization Yd of X d , which we will study in SJH using the results of this section. 

Stratification of Xd- The stratification of which we discussed in f|6] 

induces a stratification of Xd- Given a stratum Q.M.^S^ T; n), let Xn(S, T, n) 
denote the stratum, 

X D {S, T, n) = X D nPnM° 2 {S, T, n), 

with the analogous notation if T or n is omitted. Here is a list of all of these 
strata with a summary of what we will prove about each one: 

1. Xd(1, 1) is the stratum of nonsingular eigenforms with two simple zeros. 
We called this locus Ed(1, 1) in §4.31 It is an open, dense subset of Xd- 

2. Xd(2) is the stratum of nonsingular eigenforms with a double zero, oth- 
erwise known as Wd- 

3. X D (T Q1 ) is the stratum of eigenforms consisting of two genus one dif- 
ferentials joined at a node. This is the curve Pd, which we studied in 

mi 

4-5. ) is the locus of limiting eigenforms with one nonseparating polar 

node, containing the stratum Xd{T 1 ; 1, 1) as an open dense set and the 
stratum Xd{T x ; 2) as a finite subset. We will show in !j7.2l that Xoi^ ) 
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is empty unless D is square. We will show in ^7.31 that X d 2 is an orbifold 
around X d 2(T 1 ), and X d 2(T 1 ) is a suborbifold isomorphic to M/Ti(d). 
We will also show that 

X,p(T lt0 ) =POMg(T 1)0 )(d) 

as subsets of PfLW 2 , where PllA/f^T^o, ^i.o)(°0 is the locus of degree 
d cylinder covering differentials discussed in $6.3\ We will show that 
X ( p{T l ; 2) consists of the intersection points of W d 2 with X ( p(T 1 ) and 
that these intersections are transverse if d > 3. 

6. Xd(T 1 q,Ti ) is the stratum of limiting eigcnforms with one nonscparat- 
ing holomorphic node. We will show in £)7.2I that this stratum is empty 
unless D is square. We will show in £17.41 that X d 2 is an orbifold around 
X d 2 (T lfi , Tl ), and X d 2 (T 10 , T^ ) is a suborbifold isomorphic to H/Ti(d). 
We will also show that 

X d2 (T 10l Tl ) = VQM° 2 (T h0l Tl )(d) 

as subsets of VQM2, where PflM^^i ,T 1 1 )(d) is the ci-torsion locus 
introduced in £)G.4I 

7. Xd(T 2 q,T 20 ) is the stratum of limiting eigcnforms with one nonseparat- 
ing holomorphic node and one nonseparating polar node. We will show in 
m.2\ that this stratum is empty unless D is square. In $73] we will show 
that when D = d 2 , this stratum is the finite set, 

XAT 2 , ,Tl ) = PnM° 2 (T 2fi ,Tl )(d), 

introduced in ^6.51 We will also show that X d 2 is nonsingular at these 
points and that each of these points is a transverse intersection point of 
the closures of the strata X d 2(T 10 ) and X^iT^ ,Tl ). 

8-10. The strata X D (T 2fi ; 1, 1), X D (T 20 ;2), and X D (T 21 ) together consist of 
the limiting eigcnforms with two nonseparating polar nodes, possibly with 
a separating node. We will show in H7.6\ that the union of these strata is 
the union of the curves C>(p), where P is a nondegenerate Yo-prototype. 
We will see that Xb is in general singular along these curves and can 
even have several branches passing through them. We will assign a Yjj- 
prototypes to each of these branches, and we will give explicit equations 
for these branches in local coordinates. 

11-12. The strata Xu(T 30 ) and Xd(T 3 Q ,T 3 Q ) together consist of the limit- 
ing eigcnforms with three nonseparating nodes. We will show in Q7.7\ 
that Xd(T 30 ) is the union of the points c\rp\ over all nonterminal Yr>- 
prototypes P, and Xd(T 3 , X3 ) is the union of the points c\(p) over all 
terminal Yo-prototypes P- We will see that Xr> is in general singular 
at these points. We will assign Yo-prototypes to the branches of Xd 
through each C\ip) , and we will give equations for these branches in local 
coordinates. 
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13-17. We will show in ij7.2l that the stratum Xd(T 1 x ) as well as the four strata 
consisting of stable Abelian differentials (X, lo) where lo vanishes on some 
irreducible component of X are all empty. 

Bundles. Over any of the bundles of projective spaces P1XM2, P^^, or 
F£ll)2(S), there is a canonical line bundle 0(— 1), whose fiber over a projec- 
tive class of Abelian differentials, (X, [ui]) is the space of constant multiples of 
[lo] . Define a Hcrmitian metric on each of these bundles by defining on the fiber 
over (X,lj), 

h(v,v)= [ M 2 - 

Jx 

This metric is singular over the (X, [lo]) which have infinite area. For use in $9) 
we will give sections for 0(— 1) around points in Xd and calculate the norms 
of these sections. 

7.2 Empty strata 

Proposition 7.1. If D is not square, and (X, [lo]) 6 X o \ Xp, then Jac(X) = 
(C*) 2 , and the period map Per w : iii(Jac(A); Z) — > C is injective. 

Proof. If (X, [lo]) £ Xb, then (X, lo) £ ilXrj is a nonzero eigenform for real 
multiplication by On by Theorem 15.101 so M = _ffi(Jac(X); Z) is a torsion- 
free Ou-module. If D is not square, this implies that the Z-rank of M is 
even because M (g> Q is a i^u-vector space. This means that either Jac(X) is 
compact, or Jac(X) = (C*) 2 . Since for any X £ Xd \ Xd, the Jacobian Jac(X) 
is noncompact, we must have Jac(A") = (C*) 2 . 

Since lu is an eigenform, Per w : M — > C is Ou-linear, so K = Kcr(Per w ) is an 
0D-submodule of M. If K ^ 0, then K must be a submodule of M of Z-rank 
two, so M/K would be a finite Abelian group. If K ^ M, then this contradicts 
the fact that Per w embeds M/K into C; if K — M . then this contradicts the 
fact that u> is nonzero. I 

Corollary 7.2. If D is not square, then all of the strata in Xjj \ Xfj besides 
x d{T 2Q ; 1,1), X D (T 2fi ;2), X D (T 21 ), and X D (T 3fi ) are empty. 

Proposition 7.3. The stratum X l p(T 1 x ) as well as the four strata of X d 2 con- 
sisting of stable Abelian differentials {X, lo) where lo vanishes on some irreducible 
component of X are all empty. 

Proof. We know that each (X, lo) £ Xj? is a degree d branched cover of a genus 
one Abelian differential by Proposition 14.51 For any stable Abelian differential 
(X, uj) G Xj2, we can take a limit of these branched covers to get a branched 
covering of degree at most d from (X, uj) to a genus one stable Abelian differ- 
ential (Y,t]). If (X,lo) e X d 2{T 1 1 ), then it consists of a one point connected 
sum of a genus one nonsingular Abelian differential (having finite area) with 
an infinite cylinder (having infinite area). This is impossible because the same 
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(Y, rj) cannot be finitely covered by both an Abelian differential with infinite 
area and one with finite area. 

The proofs that the other four strata are empty are all similar, so for con- 
creteness we will show that there is no stable Abelian differential (A, u>) G X<p 
which is the one point connected sum, 

(X 1 , Wl )#(X 2 ,0), 

where Xi are elliptic curves with uj\ nonzero. Suppose (A, lo) = ]xm(X n ,u) n ) 
with (X n ,Lu n ) G X d 2. There is a sequence of separating curves 7„ C X n which 
are pinched to the node of X in the limit. If n is large, then 7„ is homotopic 
to a union of short saddle connections I\ U I2 by Theorem [53J and we can split 
along these saddle connections to obtain a pair of genus one forms (E^,^). We 
have a degree d branched covering /„ : (A„, w„) — > {F n , v n ) over some genus one 
form (F n , v n ). Taking a subsequence, (F n , u n ) converges to some genus one form 
(F, v) which is nonsingular because otherwise E] % would converge to a Riemann 
surface with a node which would contradict the assumption that X has only 
one node. Each of the genus one forms {E l n , u l n ) is then an unbranched cover of 
(F„, i> n ) of degree less than d. Thus we have 

1 < Area^*) < rf 
d ~ Area(o;2) — 

which is a contradiction because exactly one of the sequences u> l n must converge 
to zero. ■ 

7.3 The strata X D (T lfi ; 1,1) and X D (T 1>0 , 2) 

In this section, we will study the strata ; 1, 1) and A j d(T 1 , 2), whose 

union is the locus Xd{T 1 ), consisting of Abelian differentials with one polar 
node. Since these are empty when D is not square, we will restrict to the case 
D = d 2 . The goal of the rest of this section is to prove the following description 
of these strata. 

Theorem 7.4. The locus X d i(T 1Q ) is exactly the locus Pn^§(T x )(d) of de- 
gree d cylinder covering differentials discussed in Q 6. !ft The variety X d 2 is an 
orbifold around X d 2(T 1 ) with X ( p(T 1 ) a suborbifold isomorphic to M/Ti(d). 
The stratum A ( j2(T 1 ; 2) C X^Tj ) is a finite subset equal to 

w d 2nx d 2(T lfi ). 

These intersections are transverse if d > 3. 

Local coordinates. Let (A, [lo]) g PfLW^T-L ), and choose some marking 
/: S2 —>■ A, so that we can regard (A, [oj]) as a point in P072 > (T 1 ). Take a 
symplectic basis {cti 7 f3i} of i7i(E 2 ;^) as in ^6.31 On a small neighborhood U 
of (A, [oj]) in Pf22?2(^i 0)' we can normalize each projective class (Y, [77]) G U 
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so that rj(ai) = 1. This allows us to identify U with the hypersurface U\ C 
OX^C^i o) consisting of all (F, 77) with 7?(ai) = 1. The restriction of the local 
coordinates (v, w, x, y, z) from i)6.3l to U\ then gives a system of local coordinates 
(w, x, y, z) on U . 

Assume that U is small enough that the natural map Uj Aut(X, [uj]) — > 
POA^2 is an isomorphism onto its image, so that we can regard U as an orbifold 
coordinate chart around (X, [uj]). By the definition of PJIP^^q), for each 
{Y, 77) € [/, the curve T^ is represented by a maximal cylinder C on {Y,rf). 
Using Theorem I5.5[ by possibly shrinking U, we can assume that: 

• \v(a 2 )\ < ^height(C) 

• |f?(^)|<^ T height(C) 

• Im?7(/3i) > 

X l p(T 1 ) in local coordinates. We now turn to the question of when our 
(X, [uj]) lies in the union of strata X^iifT-^ ) and what these strata look like in 
coordinates around [X, [uj] ) . We will continue to work in the fixed neighborhood 
U of some (X, [uj]) G WQM^iT-^ ) which we chose above. 

For any (Y,rj) in U, we have a marking f : Y,-2 —> Y , which is defined up to 
Dehn twist around T x . Choosing a particular marking, we regard the symplcc- 
tic basis {aj, /?i}f =1 of ii^Z^Z) as also a symplectic basis of f/i(F;Z). 

Lemma 7.5. Let iY,rf) 6 U P\ X d 2, and let g: (Y,rj) — » (E,v) be a primitive, 
degree d, branched cover oj a genus one differential E. Then there is a basis 
{a, b} of H\(E; Z) and integers p, q, and r such that gcd(d,p, q) = 1, and 

<7*(ai) = da g*{P\) = ra + b 

g«(a 2 )=pa g*(j3 2 ) = qa 

Proof. There is some primitive a G H\{E;'L) such that g*{ot\) — na for some 
n £ N. Since ?y(ai) = 1, we must have v(a) > 0. It follows that we can choose 
some b e Hi(E; Z) such that Imz^(6) > 0, and such that {a, b} form a basis of 
Hi(E; Z). The cohomology class b is represented by some closed geodesic B on 
E. 

We claim that 

lxnv{b) > ^height(C), 
d + 1 

where C is the maximal cylinder on Y homotopic to the single curve of T 10 . 
To see this, consider S = g^ 1 (A) n C. The set S consists of r parallel closed 
curves {Si}[ =1 on C. Since each point of B has d preimages under g, we must 
have r < d. Two consecutive curves Si and Si+i bound a cylinder Ci which has 
the same height as the cylinder obtained by cutting E along A, so height(Ci) = 
Im ;/(&). There are also two more cylinders, Co and C r bounded by S\ and S r 
respectively and the boundary curves of C. These cylinders have height less 
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than Im^(6) since they are mapped injectively into E by g. Together, these 
cylinders fill out C, so 

r 

height(C) = height(Ci) < (r + 1) lmv(b) < (d+ 1) Imv(b), 

i=0 

which proves the claim. 

It follows from this claim that g*(a2) = pa for some p G Z. To sec this, 
assume that g* (02) = pa + sb with then 

— — height(C) > \n(a 2 )\ 
a + 1 

= W(g*( a 2))\ 

> \s\lmi/(b) 

> ^ height (C), 

a contradiction. Similarly g*(f32) = qa for some ijeZ. 

The map g* : i?i(F;Z) — > Hi(E;Z) is onto because g: Y — > E 1 is primitive. 
Since we've shown that each basis element of -ffi(y;Z) except /3i maps to a 
multiple of a, we must have g*(@i) = ra ± b for some r G Z, and because 
Imr7(/3i) > and Im^(&) > 0, we actually have g*((3i) = xa + b. It follows that 

g*{ai) ■ = {no) ■ (ra + b) = n, 

and similarly g*(a2) ■ g*(P2) = 0. It follows easily from the fact that g is degree 
d that 

9*{ai) -g*(0i) + g*(a 2 ) ■ g*(/3 2 ) = d. 
so n = d. Because g is primitive, we must have gcd(d,p, q) = 1. I 

Let t/> : E7 ->■ PfiT 2 °(r l ) be the unplumbing map defined in ^6-31 which sends 
(Y, rj) G U to the Abelian differential obtained by unplumbing the cylinder on 
(Y, rj) homotopic to the curve T± . In our local coordinates, ip is the projection 
i)(w,x,y,z) = (w,x,y,0). In TOT 2 (r i0 ), let ¥nT 2 °(T 10 )(d) be the inverse 
image of PilA^T^ )(d), the locus of degree d cylinder covering differentials, 
under the natural projection. 

Theorem 7.6. An Abelian differential (Y, rj) G U\FQT 2 °(T 10 ) is in X d 2 if and 
onlyif^(Y,r,)€Vn72°(T lt0 )(d). 

Proof. Let (Y, rj) G U, and let C be the maximal closed cylinder on Y containing 
a closed geodesic A homotopic to the curve of T 10 . Let (Z,i/) be the stable 
Abelian differential obtained by cutting Y along A to obtain a surface (Y' ,rf) 
with geodesic boundaries A\ and A 2 , and then gluing in an infinite cylinder to 
each resulting boundary component of Y' . The surface Y' naturally lies in both 
Y and Z, and (Z, v) is the unplumbing of (Y, 77) along C. 



(by the definition of U) 
(because v(a) is real) 
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We need to show that (Y, 77) is a degree d elliptic differential if and only if 
(Z, v) is a degree d cylinder covering differential. 

First, assume that (Z, v) is a degree d cylinder covering differential. Let 
g: {Z,u) — > (D, £) be a map to a cylinder (D,£) = (C/Z, dz) realizing Z as a 
degree d cylinder covering differential. The map g sends the horizontal geodesies 
A\ and A 2 to horizontal geodesies B\ and B 2 on C, and by the Open Mapping 
Theorem, B\ and B2 must be distinct (or else the point p G Y' for which g(p) 
has largest imaginary part would lie in the interior of Y', which contradicts the 
Open Mapping Theorem). The geodesies B\ and B 2 bound a subcylinder D' 
of D, and g maps Y' onto D' with degree d. The induced map in homology, 
g«: fli(Y';Z) -> H^D'-Z) is onto because : i?i(Z;Z) -> Hi{D\Z) is onto by 
primitivity of 3. Now, we can recover Y by gluing together A\ and A 2 by an 
appropriate gluing map. By gluing D' along B\ and B 2 in a way compatible with 
the map g, we get an elliptic curve E with Abelian differential C, and a primitive 
degree d map /i: (Y,rf) — > (E,Q, realizing (Y, 77) as a elliptic differential. 

Now assume that (Y, 77) is a degree d elliptic differential. Let g : (Y, rf) — > 
(E, C) be a map realizing (Y, 77) as an elliptic differential. Take a basis {a, b} of 
Hi(E;Z) as in Lemma [7.51 Let £? = g(A), a horizontal closed geodesic on E. 
The geodesies A and B are homologous to a>i, and a respectively. Since g*{ai) = 
da by Lemma [7751 the restriction gl^: A — > _B is degree d, so g~ 1 {B) = A. 

Cut -E along £?, and call the resulting cylinder with boundary (£>',£'). Let 
(.D, £) be the infinite cylinder obtained by gluing half-infinite cylinders to each 
boundary component of (D',£'). Since g^ 1 (B) = A, there is a natural degree d 
map h! : (Y',r/) — ► (D',^') and thus a degree d map fe: (Z, — > £). 

To show that (Z, f ) is a degree d cylinder covering differential, it just remains 
to show that h is primitive, and it is enough to show that h'*: Hi(Y';%) — ► 
-ffi(Z?';Z) is onto. This follows easily from Lemma [7.51 Since the homology 
classes a, and /?2 can be represented by closed curves disjoint from A, they 
naturally define classes on Y' . Then the fact that gcd(d,p, q) = 1 from Lemma 
17.51 implies that h'^ is onto. ■ 

Corollary 7.7. We have 

X d i(T lfi )=PnM° 2 (T hQ )(d). (7.1) 

Given (X, [lo]) G X^2(T 1 ) contained in a sufficiently small neighborhood U C 
PfLV^CTi 0) wii/i coordinates on U as defined above, X d 2 n J7 is ctj£ cwf 67/ i/ie 
eg7ia£io7is, 

w — w(a 2 )/w(ai) (7.2) 
x = w(/3 2 )/w(ai), 

and X d 2(T 10 ) is cut out by the additional equation z = 0. J/ a; /ias a double 
zero, then Wd 2 is cut out by the equations (|7.2|) together with the additional 
equation y = 0. 

In f/iese coordinates, the foliation A,p of X d 2 has leaves given by z = const. 
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Proof. It follows immediately from Theorem 17.61 that (w,x,y,z) £ U is in X<p 
if and only if (w, x, y, 0) £ VflT 2 °{T 1M ){d) and z ^ 0, and JOJ) follows by taking 
the closure. 

If (w,x,y,0) £ PnT°{T 10 )(d), then (w,x,y',0) £ PQT°(T 10 ){d) for any y' 
because being a cylinder covering differential only depends on absolute periods. 
Furthermore, we must have w, x £ by Lemma 17.51 so the coordinates w 
and x are locally constant along PJ172 ) (T 1 )(d). It follows that if (X, [ui]) = 
(w,x,y,0) £ P^T 2 (T 10 )(d), then around this point, FQ,T£(T lfi )(d) is cut out 
by the equations (|7.2j) together with z = 0, and X d 2 is cut out by the equations 

The equations for X d 2(T 10 ) and W^p are clear from the definitions of the 
coordinates. The leaves of the foliation A<p are determined by the condition 
that the absolute periods are locally constant along the leaves, which means in 
these coordinates that v, w, x, and z are all constant. Since we're in U\, we 
have v = 1, and w and x are locally constant by (|7.2|) . Thus the foliation is 
given by z = const. I 

Theorem 17.41 follows directly from this corollary. Note that the statement 
in Theorem 17.41 that the intersections of W d 2 and X,j2{T 10 ) are transverse if 
d > 3 follows from the coordinates above together with the fact that ri(d) is 
torsion-free if d > 3. 



A section of 0{— 1). Recall that we normalized each projective class (Y, [77]) £ 
Pf22?2(^i 0) so that each r)(cti) = 1. We can regard this as defining a section s 
of the canonical line bundle 0(-l) over FQV%(T 10 ). 

Proposition 7.8. The norm of this section s of 0(— 1) is given by, 

h(s,s) = ——log \z\ +wx. (7.3) 

Proof. For any genus two Riemann surface X with a symplcctic basis {aj,/3j} 
of Hi{X\ Z), it is well known that for any 10 £ tl(X), 



H 2 - Im(o;(ai)77(/3i) + u(a 2 )r}(/3 2 )). (7.4) 



Equation (|7.3[) follows from this formula using the fact that w and x are real on 
X42 in these coordinates. ■ 



7.4 The stratum X D (T lfi ,Tl Q ) 

We now study the stratum Xfj(T 1 ,Tl ) of Abelian differentials in Xd with 
one nonscparating holomorphic node. Since this stratum is empty if D is not 
square, we will restrict to the case D = d 2 . 

Recall that the d-torsion locus FtiM%(T lfi , T 1 1 )(d) is the locus of (X, [w]) £ 
PIXM^T^ qjTjq) such that, if we regard (X, [ui]) as a genus one differential with 
two marked points, then the marked points differ by exactly d-torsion on X. 
The goal of this section is to prove the following theorem. 
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Theorem 7.9. X,p is an orbifold around the stratum X<p(fT x ,Ti ), which is 
a suborbifold equal to 

mMl(T lt0t Tl M^m/r t (d). 

Vanishing of periods. We now prove that for Abelian differentials (X, [u]) e 
X d 2 close to some (Xq, [ujq]) € X<p which has a holomorphic node, periods 
along curves of (X, [ui]) which are close to a holomorphic node of (Xo, [wo]) 
must vanish. 

Proposition 7.10. Let S be a curve system on^ 2 , letir: ¥£IT> 2 (S) — > ¥QM 2 be 
the natural projection, and let (Xq, [uio]) G FilD 2 (S) PI ir^ 1 (X^) have a nonsep- 
arating holomorphic node represented by a homology class a £ Hi(T, 2 ;'Z). Then 
for (X, [tu]) £ ¥HT> 2 (S) sufficiently close to {Xq, [u>o]), we must have uj(a) = 0. 

Proof. Choose a representative ujq of the projective class [ujq], and suppose there 
is a sequence (X n ,u> n ) — > (Xq,u;o) with (X n ,u> n ) £ ^^{X^) and w„(a) ^ for 
all n. There arc degree d branched covers /„ : (X n ,uj n ) — > (E n ,T] n ) over elliptic 
curves. Taking a subsequence, we can assume that (E n ,r] n ) — > (E,rj), with 
either a cylinder or an elliptic curve and that / ra converges to a branched cover 
/ : (Xo, wo) — * (E, 77) of degree at most d. We must then have i] 7^ 0. 

The injectivity radius I(E n , r)„) of {E n ,r/ n ) is bounded by the absolute value 
of any nonzero period of 77. Since »7((/ n )*o0 = w n (a), and w n (a) — > 0, this 
means that I(E n ,r] n ) — ► 0. This is a contradiction because injectivity radius is 
continuous, and 77) has nonzero injectivity radius. ■ 

Local coordinates. Choose some (X, [u>]) £ POA^^^i ,T^ ). By choosing 
a marking /: £ 2 - * X, we can regard (X, [oj]) as a point in FttT 2 °(T 1 ,T^ ). 
Let {a,, be a symplectic basis of i?x(S2;Z) such that ai represents the 

curve T^Q, as in ^6.41 

Let U C PQ,T>%(T h0 ,Tl ) be a neighborhood of (X, [to]) small enough that 
the natural map U/ Aut(X, [u>]) — > POA^2 is an isomorphism onto its image, 
and 77(0^2) 7^ for every (Y, [77]) € U. By normalizing each (Y, [77]) G [/ so 
that 77 (a 2 ) = 1, we can identify {/ with an open set U\ in the hypersurface in 
f2X)§(T 10 ,T 1 1 i0 ) of those Abelian differentials {Z,Q such that C(a 2 ) = 1. The 
coordinates (w,x, y, z) from Proposition 16.61 then restrict to local coordinates 
(x, y, z) on U. 

X t jp(T 1 Q ,Ti ) in local coordinates. The set U is not a neighborhood of 
(X, [u>]) in PnX^Pi 0)' but rather it is a neighborhood of (X, [oj]) in the hyper- 
surface ¥Cffl$(T 10 ,Ti ). Proposition 17.101 implies that in a sufficiently small 
neighborhood V of (X, [w]) in PfiD^T^o), 

1/flIjiC 17. 

This means that we can restrict to this hypersurface and still understand the 
local structure of X^ around (X, [oj]). 
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Let ip: U — * P1772 ) (T lj0 , T^q) be the projection (denned in the proof of 
Proposition I6.6f) which splits each (X, [u] ) G U along a union of saddle connec- 
tions / U J (I) which is homotopic to a\. In our local coordinates on U, this is 
the map (f>(x, y, z) = {x, y, 0). 

Let PJ77j l (T 1 , T 1 1 )((i) be the inverse image under the natural projection of 
the rf-torsion locus Pf2A^^(T 10 , T 1 1 )(d). 

Theorem 7.11. A {Y,rf) G U \ PfiT 2 °(T 1 , Tf ) is in X d i if and only if 
i)(Y, V ) &mT 2 (T h0 ,Tlo)(d). 

Proof. Let (Y, 77) G ?7, with saddle connections ii and I2, which we split along 
to form an elliptic curve (E, v). Let p and q be the two zeros of r\. Let J\ and 
Ji be the two segments which are the images of the saddle connections in 
E. The Ji start at points pi and end at points qi such that upon taking the 
connected sum along J\ and J2 , the pi are identified to form the zero p and the 
qi are identified to form the zero q (see Figure HT|) . 




Figure 11: Split along I± U I2 and then reglue. 

We need to show that (Y, 77) is a degree d elliptic differential if and only if 
the points pi differ by exactly d-torsion in the group law on E. 

First, suppose that (Y, rj) is a degree d elliptic differential. Then (Y, 77) is 
branched over an elliptic curve by some g: (Y, 77) — > (i* 1 , £). The saddle connec- 
tions must have as their image the same segment K in F because they have 
the same direction and length, and they start at the same zero p. It follows that 
when we cut Y along Ii and / 2l points which are then glued together to form 
E map to the same point of F under g. Thus g defines an isogeny g' : E — > F 
of the same degree, sending pi and p 2 to the same point. This implies that p\ 
and P2 differ by d-torsion on E. 

Conversely, if p and q differ by <i-torsion, then there is a degree <i-isogeny 
g: {E.v) — ► [F, £); it must send points of J\ and J2 which are glued together 
to form Y to the same point of Y, so we get a branched cover (Y, 77) — ► (F, £) 
which realizes 77 as a degree d elliptic differential. ■ 
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Corollary 7.12. The stratum X^T^T^q) is exactly VnM%{T 10 ,Tl )(d). If 
we have (X, [u>]) G X d 2(T 1 q,TI q ), then in the (x,y,z) coordinates defined above 
on the neighborhood U of (X,[uj\) in PfiX^^i oj ifo), the variety X d 2 is cut 
out by the equation, 

dy = ax + b, (7-5) 

for some relatively prime integers a and b. 

In these coordinates, the stratum X d 2(T 1 ojT'io) * s cu ^ ou ^ by the additional 
equation z = 0, and leaves of the foliation A d 2 are determined by either of the 
equivalent equations, x = const or y = const. 

Proof. It follows immediately from Theorem 17.111 that (x,y, z) G U is in X d 2 if 
and only if (x, y, 0) G PftT 2 (T 10 , T 1 1 :0 )(d) and z ^ 0. Thus 

UHX d 2 = {(x,y,z) G U : (x,y,0) G KW?(T li0 ,2? i0 )(d)}, 

and X d 2(T hQ ,Tl ) = FSlM%(T h0 ,Tl o )(d) as claimed. 

It remains to' show that if (X, G FVlT£ (T 10 ,Tl )(d), then near (X, [w]), 
the locus ¥Q7^(T 10 ,Tl )(d) is cut out by the equation ()7.5|) . This is because 
for some (Y,rf) G P^r 2 (T 10 ,T 1 1 i0 ), a relative period joining the marked points 
is given by y = J?(/3i), so the marked points differ by (i-torsion if and only if 
di]{f3\) = arj{(32) + brjiptz) for some relatively prime integers a and b, which is 
equivalent to (|7.5|) . 

The equation for X d 2(T 1Q ,Tl Q ) is clear from the definition of the coordi- 
nates, and the equations for the leaves of A d 2 hold because either of these equa- 
tions together with (|7. 5[) implies that the absolute periods are all constant. ■ 

Theorem 17.91 follows immediately from this corollary. 
7.5 The stratum X D (T 2j o,T 2 2 ) 

We now study the stratum Xd(T 2 0j Tf o) consisting of limits of eigenforms 
with one nonseparating polar node and one nonseparating holomorphic node. 
The arguments in this section are straightforward combinations of those in the 
previous two sections, so we will omit some of the proofs. This stratum is empty 
when D is not square, so we will restrict to the case D = d 2 . 

Recall that in ^6.51 we defined the finite set P£1M 2 (T 2 ,T| )(d), consisting 
of the stable Abelian differentials f q / d G POA^§(T 2 , Tf ), where q is an integer 
relatively prime to d. The following is the main theorem of this section. 

Theorem 7.13. The stratum X d3 (T 2)0 ,T| )0 ) is the locus PQM^(T 2 , T| )(d). 
The variety X d 2 is nonsingular at these points, and each f q / d G X d 2(T 2 qjT^q) 
is a transverse intersection point of the closures of the strata X d 2(T 1Q ) and 

X d? ( T l,0' T l.o)- 
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Local coordinates. Choose some (X, [uj]) £ Pf2.M 2 (T 2 01^2 o)- By choosing 
a marking /: E 2 — ► X, we can regard (X, [uj]) as a point in PQT 2 °(T 20 , T 2Q ). 
Let {ai, be a symplectic basis of 77l(£ 2 ;Z) such that ojj represents the 
curve T 2 in T 2 as in 36,51 

Let t7 C POP§(T 2 ,r 2 2 ) be a neighborhood of (X, [to]) small enough that 
the natural map U/ Aut(X, [uj]) — > PS1A4 2 is an isomorphism onto its image. 
By normalizing each (Y, [77]) € U so that 77(011) = 1, we can identify U with an 
open set Ui in the hypersurface in f27> 2 (T 2 oi^f 0) consisting of those Abelian 
differentials (Z, £) such that C( a i) = !• The coordinates (w, x, y, z) from Propo- 
sition [677] then restrict to coordinates (x,y,z) on (7. 

X d 2(T 2 ,T 2 2 ) in local coordinates. Let U -> PfiT 2 °(T 2 , T 2 2 ) be the 
projection which sends an Abelian differential (Y, 77) to the one obtained by un- 
plumbing the cylinder on (Y, 77) homotopic to the curve T 2 and splitting along 
the pair of saddle connections 7U J (J) homotopic to T^ . In local coordinates, 
ip(x,y,z) = (a;, 0,0). Let PilT 2 °(T 2 Q ,T 2 )(d) be the inverse image under the 
natural projection to PflM 2 (T 2 , T^ Q )(d). 

Theorem 7.14. If the neighborhood U of (X, [uj]) is sufficiently small, then a 
nonsingular (Y,ri) £ U is in X d 2 if and only if<f)(Y,rf) £ PQT 2 (T 20 ,T 20 )(d). 

The proof of this theorem is a straightforward combination of the proofs of 
Theorems 17,61 and 17,11) so we will omit the proof. The idea is that f q u is a 
primitive degree d branched cover of a cylinder, and given a (Y, 77) such that 
ip(Y, 77) = fg / d , we can use this cover to exhibit (Y, 77) as a degree d torus cover. 

Corollary 7.15. The stratum -X>(T 20 ,T 2 2 ) is equal to POM^(T 2 , T 2 2 )(d). 
If (X, [uj]) £ X d 2 (T 2 , T 2 2 ), then in a neighborhood V of {X, [uj]) in vhv^(T 2 J), 

vnx d 2cPnv° 2 (T 2fi ,Ti fi ). 

In the coordinates (x, y, z) on a neighborhood U of (X, [uj]) in PQ,T> 2 (T 2 , T 20 ), 
the variety X d 2 is cut out by the equation, 

x = |, (7.6) 

for some integer q relatively prime to d. 

The intersection of the closure of X d 2{T 1 ) with U is cut out by the addi- 
tional equation y = 0, and the intersection of the closure of X d 2(T 1 , T^q) with 
U is cut out by the additional equation z = 0. The leaves of the foliation A d 2 of 
X d 2 are given by y = const. 

Proof. Proposition ETOl implies directly that in a neighborhood V of (X, [uj]) in 
PfiO 2 °(T 2)0 ), 

vnx d 2 cPnv° 2 (T 2fi ,Tl ). 

It follows immediately from Theorem 17.141 that (x,y,z) £ U is in X d 2 if and 
only if (x, 0, 0) £ PnT 2 °(T 2fi , T 2 )(d) and y, z + 0. Thus 

Un X d 2 = {(x,y,z) £ U : (a, 0,0) £ POT 2 °(T 2:0 , T 2 )(rf)}, 
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and X d 2(T 2 ,Tl ) = FSlM%(T 2fi , T 2 2 )(d) as claimed. 

Suppose (X,u) e P07^°(T 2 .o; ^fo)(^)- The coordinate x = w(/?2) measures 
a relative period on (X, uS) joining the two marked points which are identified 
to form a holomorphic node. Since w(ai) = 1, we have x = w(/3 2 ) = q/d for 
some integer q relatively prime to d if and only if the marked points differ by 
d-torsion. Thus X d 2 is cut out by (|7.6|) as claimed. 

The intersection of the closure of X d p{T 1 ) with U is cut out by the ad- 
ditional equation y = because y(Y,rj) = exactly when (Y, rj) has a polar 
node, and the intersection of the closure of X ( )2{T 1 , T/ ) with J7 is cut out by 
the additional equation z = because z(Y,rf) = exactly when (Y,r/) has a 
holomorphic node. 

The equation y = const defines the foliation A<p because this makes the 
period along f3\ constant, and we have already seen that the other periods are 
locally constant along X d i with our normalization for rj. M 

Theorem 17.131 follows directly from this corollary. 

A section of 0{— 1). Recall that we normalized each projective class (Y, [77]) £ 
Pf2X>2(T 2 0, ^20) so that each 77(0:1) = 1. We can regard this as defining a section 
s of the canonical line bundle O(-l) over FQT>%(T 2 , T 2 2 ). 

The following follows directly from (|7.4[) together with the definition of our 
coordinates. 

Proposition 7.16. The norm of this section s of 0{— 1) is given by, 



7.6 The strata X D (T 2fi - 1, 1), X D (T 2fi] 2), and X D (T 2>1 ) 



We now turn to the strata Xu(T 2 ; 1, 1), Xrj(T 2 ; 2), and Xpj{T 2 ± ) which to- 
gether consist of those limiting cigenforms which have exactly two nonseparating 
polar nodes, possibly with a separating node. 

Recall the definitions from £|6.6l of the curves C\ and the points p\ and w\ in 
FQA4 2 . The following is the classification of points in the strata Xd(T 2 ; 1, 1), 
Xd(T 2 ;2), and Xd(T 21 ), which we will prove over the course of this subsec- 
tion. 

Theorem 7.17. The union of the three strata Xr>{T 2 ; 1, 1), Xd{T 2 ; 2), and 
Xd(T 2 1) is equal to the union, 



X 

where the union is over all A such that A = A(P) for some nondegenerate Yd- 
prototype P. The stratum Xd(T 2 ; 2) is the finite set, 



h(s, s) 



(7.7) 




(7.8) 



\Jw x 
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where the union is over all A such that A = A(P) for some Wd -prototype P. 
The stratum Xu(T 2 i) is the finite set, 

A 

where the union is over all A such that A = A(P) for some Pp-prototype P. The 
stratum Xu(T 2 ; 1, 1) is the complement of these finite sets in (|7.8[) . 

We will also see that in general Xd is singular along the curves C\, and we 
will give equations for Xd in local coordinates around C\. 

Local coordinates. Choose an (X, [uj]) in Fn M^{T 2 Q ; 1, 1), POM£(T 2 ; 2) 
or PO.M 2 (T 2 1 ). By choosing a marking /: £ 2 — * X, we can regard (X, [co]) as 
a point in PttT 2 °(T 2i0 ; 1, 1), PftT 2 (T 20 ; 2), orPf27?(T 2jl ). 

Our first goal is to show that if (X, [uj]) G X^, then (X, [uj]) lies in the union 
(|7.8|) . If (X, [w]) G ATd, then w is an eigenform for real multiplication of Od 
on Jac(AT) by Theorem 15. 10[ so assume that it is such an eigenform. It follows 
that the ratio of the residues of the two poles of uj is real. Thus we can choose a 
representative u> of the projective class [uj] and choose homology classes ol\ and 
a 2 in i7i(S 2 ,Z) such that the following properties hold: 

• The on represent the two nonseparating nodes of X . 

• uj(ol\) = 1. 

• w(a 2 ) = A with A > 1. 

If A > 1, then this choice of the on and uj is uniquely determined up to the 
hyperelliptic involution by these properties. If A = 1, then there are two possible 
choices for the cti and uj up to the hyperelliptic involution, and we choose one 
arbitrarily (the other one is then obtained by swapping the c<i). 
Extend {ai,o; 2 } to a basis {cti, (3i}f =1 of £/i(£ 2 ;Z) as follows: 

• If (X, uj) G PfLM 2 (T 2 ; 1, 1), let Pi be an arbitrary pair which is dual to 
the on with respect to the intersection pairing. 

• If (X, lo) G POA^ 2 (r 2 1 ) 1 let [3i be a pair dual to the a>i such that each Pi 
is represented by a simple closed curve disjoint from the separating curve 
T 2 1 . This determines each Pi up to adding a multiple of cti . 

• If (X, uj) G POAl 2 (r 2 ; 2), then the horizontal foliation of (X, uj) consists 
of two horizontal cylinders separated by a "figure-eight" ; let F C S 2 
be the inverse image of this figure-eight with p the singular point of F. 
In i?i(E 2 ; Z), let the pi be a pair which is dual to the such that Pi is 
represented by a simple closed curve which passes through p and is disjoint 
from F\p, and /3 2 is represented by a simple closed curve which is disjoint 
from F (see Figure [T2J . These conditions determine each Pi uniquely up 
to adding a multiple of a^. 
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Figure 12: Symplcctic basis for i?i(S2;Z). 



Let U be a small neighborhood of (X,u) in PO^(T 2 ) or PfiX>5( T 2.i) such 
that the natural map U / Aut(X, u>) — > Pf2A^2 is an isomorphism onto its image. 
Also choose U small enough so that the conclusion of Theorem 15.91 holds . That 
is, if (Y, 77) G U is an eigenform for real multiplication by Od, then the induced 
action of Od on H\(Yi2', Z) preserves the subgroup £ spanned by the a», giving 
5* the structure of an O^-modulc. 

By normalizing each projective class (Y, [77]) G U so that 77(0:1) = 1, we can 
identify U with an open set U' in the hypersurface in {W^{T 2 ) or n2?§(T 2 x ) 
of those Abelian differentials (Z, £) such that C( Q i) = 1- F° r an Y M G M, let 

Uf, = {(Y,ri) G t/ : 77(0:1) = 1, and 77(0:2) = 71}, 

a hypersurface in U. We then have (X,ui) G U\. 

Proposition 7.18. If the neighborhood U of (X,lo) is taken sufficiently small, 
then for each (Y,rj) G U n Xd, the OD-submodule S o/iJi(£2;Z) is a quasi- 
invertible Oo-module with {0:1,0:2} an admissible basis; furthermore, UdXd C 
U x . 

It follows that A = A(P) for some nondegenerate -prototype P. 

Proof. For an Abelian differential (Y, rj) G U which is sufficiently close to (X, cu), 
the classes a, will be homologous to core curves of very tall horizontal cylinders 
on Y by Theorem 15. 51 Since a, • /3, = 1, a curve representing passes vertically 
through the cylinder, so the cylinder makes a large positive contribution to 
Im?7(/3i). Thus, if iY,rj) G U with J7 sufficiently small, we must have Im 77(73,) > 
0. 

The intersection pairing is an unimodular pairing between the O^-modules 
S and Hx(Ti2;Z)/S, and the on and /3j represent bases of these modules dual 
with respect to this pairing. The period maps associated to 77 and Im77 are 
nonzero ti-linear maps of these modules to R which send the on and the (3i 
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respectively to positive reals. It then follows from Theorem [33] that the oti form 
an admissible basis of S. 

By Proposition 13.41 for any (Y, if) € U D Xu there are integers a, b and c 
as in the conclusion of that proposition with arj(a2) 2 + 677(02) + c = 0. Since 
there are only finitely many such integers, and 17(0:2) ~ > A as (Y, if) — > (X, w), 
we must have 77(0:2) = A for (Y, 77) sufficiently close to (X,uj). 

Finally, A = A(P) for any Yo-prototype (a, 6, c, q) with a, 6, and c as above. 

■ 

Corollary 7.19. The strata X D (T 2 ; 1, 1), X D (T 2 ;2), andX D (T 21 ) are con- 
tained in the union (|7.8[) . 

In the coordinates (v,w,x,y,z) on QX^C^q) or OX^T^ x ) from H6.6[ the 
subspacc ?7a is cut out by the equations, 

v = 1 and w = A, 

so the (x, y, z) restrict to give local coordinates on U\, which send (Y, rj) € U to 

if (I^jG^^M); 
if (X,^)GftT 2 (T 2i0 ;2); 

if (l, w )el]T 2 »(T 2il ), 



where / is a saddle connection joining distinct zeros as in i j6.61 

Prototypes. Now assume that our (X, [u>]) £ C\, where A = \(P) for some 
nondegenerate Yo-prototype P with a small neighborhood U of (X, [ui]) in the 
Dehn space chosen as above. We will assign a prototype P(Y, 77) to each Abelian 
differential (Y, 77) GllD Xd- For now, fix such an (Y, 77). 

Recall that we identify two terminal prototypes if they differ by the involu- 
tion (|3.1|> . We temporarily don't want to make this identification, so we will call 
a fine prototype a prototype which is defined exactly as in §3.1[ except without 
this identification. 

The marking £2 — ► Y is well-defined up to Dehn twist around the curves 
of T 2 o or T 21 . Choose a particular marking. This allows us to consider the 
symplectic basis {a,-,/3,-} of ifi(£ 2 ;Z) as a basis of H\(Y;Z) as well. 

By Propositions 13.41 and 17.181 there is a unique pi in so that /Lt • a± = «2j 
using the real multiplication on Jac(Y). Since 77 is an eigenform, we know that 
/jM = A because 

A = 77(02) = 77(71 • oi) = 7i (1) 77(oi) = 

If D is not square, this means that \i doesn't depend on (Y, rj) G U because 
\x is determined by its first embedding. If D is square, however, there can be 
Abelian differentials close to (X, uj) with different pS 2 ^ . 




D 2«r,(/3 2 )/A 
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Let a, 6, and c be the integers given by Proposition EH1 Since Od = %[a[i], 
the algebraic integer a/z acts on H\{Y;1) by an integer matrix. 

Proposition 7.20. The matrix T of the action of afj, on H±(Y;Z) in the basis 
{ai, (X2, 0i, fe] is 

fO -c q\ 
a —b —q 
a 
\0 -c -b) 

with a, b, and c as above, and for some integer q. 



T 



(7.9) 



Proof. The matrix T is sell- adjoint with respect to the intersection pairing on 
Hi{Y\1), which is equivalent to 



T J = JT, 



where 



This easily implies that 



J = 



T 



/ 

-I 

A Q 

A 1 



with Q = -Q*. 

To calculate A, we know that 

afi ■ cti = act2, 

and 

a\xoi2 = afi 2 cti = (—b/i — c)a\ = —cgl\ — bct2, 

so 

A=|° ~? 

a —o 



Now let P(y, i]) = (a, b, c, q), where q is as in the above Proposition, and q is 
the residue class of q, taken modulo gcd(a, b, c). Similarly, if (X, w) has a double 
zero or a separating node, let P'(Y, rj) = (a, 6, c, q), where q is the residue class 
of g, taken modulo gcd(a, c). Note that the definitions of P(Y,rj) and P'(Y,r]) 
involved some choices: there was a choice of which (3i to take as a basis dual 
to the on in H\ (E2 ; Z) , and there was a choice of a marking £2 - * Y to take 
up to Dchn twist around T 2 or T 2 1 which we used to transport the basis of 
#i(E 2 ;Z) to i?!(F;Z). 

Theorem 7.21. The quadruple P(Y,rj) is a fine Yd -prototype which does not 
depend on the choice of the (3i or the marking £2 - * Y. If (X,lo) has a double 
zero or a separating node, then P'(Y,r]) is a fine Wd or Pd -prototype which is 
also independent of these choices. 
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Proof. We first show that P(Y, rf) satisfies the required properties of a prototype. 
It follows directly from Proposition 13.41 that b 2 — Aac = D and a > 0. We 
know N^ D (fi) < because {01,0:2} is an admissible basis of the O^-module 
S = (01,0:2), so c < 0. Since Z[a/i] = On by Proposition 13.41 the matrix in 
(|7.9p must be primitive because the action of Or> on Jac(F) is proper; thus 
gcd(a, b, c, q) = 1. Finally, a + b + c < 1 because 11^ > 1. 

Now we will show that P(Y, rf) is independent of the choices made. Replacing 
the Pi with a new pair which arc dual to the a, or changing the marking £2 Y 
by Dehn twists around T 2 or T 2 1 produces a new pair P\ of the form, 

01 = Pi + ra x + sa 2 (7.10) 

02 = Pi + scti + ta 2 

for integers r, s, and t. 

The matrix sending the basis {cci, a 2 , Pi, P2} to {a±, a>2, 0, p' 2 } is 

fl r s\ 

I s t 

10' 
\0 1/ 

If T is the matrix of the endomorphism of Hi(Y; Z) given by multiplication 
by aX in the old basis, and T" is the matrix of the same endomorphism in the 
new basis, then T" is 

T' = S-T-S~ 1 , 

which is 



(0 


—c 







a 


-b 


-9' 














a 







— c 


-v 



where 

q' = g + ar - bs + ct. (7-11) 

It follows that q' = q mod gcd(a, 6, c), so the prototype is independent of the 
choices. 

Now suppose (X, u>) does have a separating node or a double zero. We must 
now show that q is well-defined modulo gcd(a,c). In this case, the choice of 
Pi is uniquely determined up to adding a multiple of an because we imposed 
additional requirements on the Pi . That means that different choices give a new 
pair {P[} of the form (f77TU|) with s = 0. Then from (jTTLj) . we see that q' = q 
mod gcd(a, c). 

Finally, if (X, oj) has a double zero, then A > 1 by Proposition 16.101 so 
a + b + c < 0, and P'(Y, rf) is then a Wu-prototype. ■ 

Remark. If A = 1, then there were also two possible ways to choose the cti. 
In this case, one can check that swapping the a,; has the effect of applying 
the involution (|3.ip to the prototypes P(Y,rf) and P'(Y, rf). Thus they are 
independent of this choice as ordinary prototypes but not as fine prototypes. 
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Equations for Xp> in local coordinates. Given (X, [co]) <G C\ and a small 
neighborhood U of (X, [uj]) in the Dehn space as above, we now give equations 
for Xd in U and show that (X, [cu] ) is indeed in Xp, ■ Since the prototype P(Y, rf) 
is locally constant on U f\Xp>, we can use these prototypes to label branches of 
U H Xr>. Given a fine Yo-prototype P, let Vp C U be the closure in U of 

{{Y lV )eUnX D :P(Y,r,) = P}, 

which in fact lies in U\ by Proposition 17.181 If (X,u>) has a double zero or a 
separating node, and P is a fine Wp> or Pp-prototype (respectively), then let V' P 
the analogous locus where P'(Y, rf) = P. In this case, given a fine Wn-prototype 
(or Po-prototype) P, 

Q 

where the union is over all fine W^D-prototypes (or Po-prototypes) which map 
to P. 
Let 

(a', 6', c', q') = (a, b, c, q)/ gcd(a, b, c), 

and 

(a",b",J',q") = (a,b,c,q)/gcd(a,c) 

(here wc interpret q' and g" as elements of Q/Z). 

Recall that we have coordinates (x, y, z) on U\ defined above. 

Theorem 7.22. The locus Vp is cut out by the equation, 

y a ' = e- 2niq ' z~ c ' , (7.12) 

and C\ is cut out by the equations y = z = 0. 

If (X,oj) has a double zero or a separating node, then V' P is cut out by the 
equation, 

y a " = e- 27riq " z- c " , (7.13) 

and W d H Vp or respectively Pp> n Vp is cut out by the additional equation 
x = 0. The leaves of the foliation Ad of Xp are given in these coordinates by 
either of the equivalent equations y = const or z — const. 

Proof. The proofs of (|7.12p and (|7.13[) essentially the same, so we will only give 
the proof of (|?TT2]) . 

Choose some (Y, rj) € Vp with a symplectic basis {a>i, fa} and \i 6 Kp> as 
before. Equation (|7.9[) implies 



afj, ■ Pi = -qa 2 - c(3 2 (7-14) 

afi ■ f3 2 = qcei + a(3i — b(3 2 - (7-15) 

Since n is an eigenform, integrating n over both sides gives 

a\r,(p 1 ) = -q\-cr 1 (p 2 ) (7.16) 

a\i 1 (P2) = q + ari(f3 1 )-br)(02) (7.17) 
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because //W = A. Dividing (|7.16p by Agcd(a, b,c) and exponentiating yields 
f7l2|) . 

Now consider (y, 77) which lies in £/ A \ ^) and in the locus defined by 
(|7.12[) (using the notation V(-) for the zero locus of the enclosed functions). 
We must show that ( Y, 77) is an eigenform for real multiplication by Od with 
prototype P = (a, b, c, q). 

Taking a logarithm of (|7.12p . we get 

a\ri([3i) = —\q — cq{(32) mod Agcd(a,6, c). 

We can then choose some q = q mod gcd(a, b, c) so that (|7.1(iD holds. It then 
follows automatically from the relation a/j 2 + b[i + c = that (17.17[) holds. We 
can then define real multiplication of Od on Jac(Y), by defining afi to act via 
the matrix T in (|7.9|) . Equations (|7.16[) and (|7.17p then imply (Y, rj) is actually 
an eigenform for real multiplication with prototype P. 

The equations for W d and Pd are obvious from the definition of the coor- 
dinates. The leaves of Ad are as claimed because with our normalization the 
periods rj(ai) are constant, and either y = const or z = const implies that both 
of the rj((3i) are constant by (|7.12[) . ■ 

This also completes the proof of Theorem 17.171 because we explicitly con- 
structed eigenforms near any point of Cx(p) for any nondegenerate Yo-prototype 
P in Theorem 17.221 and showed that these are the only possible limits in Corol- 
lary 03 

Branches of ~X D through C A . Let p = (X, [to]) E C A , and let q E Pf2X> 2 (S) 
(for the appropriate curve system S), with 7r(g) = p. We have seen that around 
q, the variety it~ 1 (Xd) is the union of the Vp over all fine Yo-prototypes P 
such that A(P) = A. 

To understand the local structure of Ab around p, we need only to under- 
stand how Aut(X, [ui]) acts on this picture. If A > 1, then Aut(Jf, [w]) consists 
only of the hyperclliptic involution which acts trivially on Pi7I?2(S')- Thus n is 
a local isomorphism around q. Note also that there is no distinction between 
fine and ordinary prototypes when A > 1. 

When A = 1, we have Aut(X, [u]) = Z/2 © Z/2. It is generated by the 
hyperelliptic involution together with an involution t which interchanges the two 
nonscparating nodes of X and preserves u>. This involution t acts on FilT>2(S) 
by t(x, y, z) — (x, z, y) in the coordinates around q defined above, so t identifies 
Vp with V^(p), where i is the involution of (|3.ip . Thus Vp and V^p) have the 
same image in P51A^2- We will abuse notation and denote the image of Vp in 
PQ,M 2 by Vp as well, where now P is an ordinary YD-prototype. This makes 
sense because it defines the same object if P is represented by i(P). We will 
think of this Vp as a union of branches of Xd through p. To summarize, whether 
or not A = 1, the germ of Xd around P is the union of the Vp, where P ranges 
over all ordinary Yo-prototypes such that X(P) = A. 

If p = (X, [ui]) has a double zero or a separating node, then in the same 
way - just replacing Vp with V P defined above - we define a branch V' P of Xd 
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through p, where now P is a Wd or Pp-prototype (respectively). This gives a 
finer classification of branches then we obtain for generic p G C\ 

To summarize this discussion, we have the following Corollary of Theo- 
rem 

Corollary 7.23. For any p <E C\, the germ of Xd through p is the union of 
germs, 

U v P . 

\(P)=X 

Each germ Vp consists of mult(P) branches of Xjj through P. 

If p = w\ or p — p\, then alternatively the germ of Xd through p is the 
union, 

U n> 

PGW D 
X(P)=X 

or respectively, 

U y P - 

PGVo 
A(P)=A 

In these cases, each of these germs is actually an irreducible branch of Xd 
through p. 

Proof. The only parts that don't follow directly from Theorem 17.221 and the 
discussion above are the statements that Vp consists of mult(P) branches and 
that V P is irreducible. This will follow directly from Proposition 18.11 because 

, / < is gcd(a,c) , 
gcd a',c' = 8 ./ ' \ = mult P , 
gcd(a, b, c) 

and gcd(a",c") = 1. ■ 



A section of 0(— 1). We normalized each projective class (Y, [rj]) £ U\ so 
that each 77(0:1) = 1. We can regard this as defining a section s of the canonical 
line bundle 0{— 1) over U\. 

The following follows directly from (|7.4[) together with the definition of our 
coordinates. 

Proposition 7.24. The norm of this section s of 0{— 1) over U\ is given by, 
h{s,s) = -±-\og\y\-^\og\ Z \. (7.18) 
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7.7 The strata X D (T 3fi ) and X D (T 3fi , T 3 3 ) 

We now study Abelian differentials in Xp, with three nonseparating nodes. 
These consist of the union of the stratum Xp,(T 3 ), where all of the nodes are 
polar, and the stratum Xp,(T 3 ,T 30 ), where one of the nodes is holomorphic. 
We will prove the following classification of such differentials. 

Theorem 7.25. The stratum Xp>(T 3 ) is the finite union of points, 

X D(T 3fl ) = |J C A (P), 

p 

where the union is over all nonterminal Yp, prototypes P. 
The stratum Xp,(T 2 q,T 30 ) is the finite union of points, 

x d(T 30 ,T1 ) = (Jc a( p), 
p 

where the union is over all terminal Yp -prototypes. 

If P is neither degenerate nor terminal, then c,\(_p) lies in the intersection 
of the closures of Ca(P) and C\(p+). If P is a degenerate prototype, then cp 
lies in the intersection of the closures of Xp(T l ) and C\^p+y If P is a ter- 
minal prototype, then c\(p) lies in the intersection of the closures o/C\(p) and 
Xp{T 1 q,T1 ). None of the other curves in dXp pass through c,\(p). 

Local coordinates. Fix an (X, [uj]) £ POA/^(T 3 ) or FQ,M%(T 3 , T 3 ), and 
choose a marking £ 2 — > X so that we can regard (X, [uj]) as lying in PflT 2 °(T 3 ) 
orPOT 2 (T 3j0 ,r 3 3 ). _ 

Our first goal is to show that if (X, [uj]) £ Xd, then (X, [uj]) is one of the 
points c\(p) as in the statement of Theorem 1 7.251 If {X, [uj]) £ Xd, then u> is an 
eigenform for real multiplication of Od on Jac(X) by Theorem l5.10l so assume 
that it is such an eigenform. It follows that the ratios of the residues of any two 
poles of ui are real, so we can normalize the projective class [u>] so that all of 
these residues are real. 

Suppose u) has no holomorphic node. In this case it also has two simple zeros; 
let {P11P2} G S 2 be the inverse image of the zeros. Let cti £ i?i(S 2 \ {p, q}) be 
homology classes representing the three curves T 30 such that u)(oti) > 0, and 
choose 7, £ i?i(S 2 , {pi,P2}) so that on ■ -fj — 5^ as in ^6.71 Then the classes, 

01=71-73 (7-19) 
02 = 72 + 73, 

in Hi(E,2' 1 Z) are dual to a% and 0.2- 

If ui does have a holomorphic node, then let a% £ H\(Yj2) be homology classes 
representing the three curves T 30 such that u>(ai) > 0, and let Pi £ iJi(S 2 ;Z) 
be dual to ol\ and a 2 . 

Choose a small neighborhood U of {X, [uj]) in PfiX>§(T 3j0 ) or FQ,V%(T 3fi , T 3 3 ) 
such that the natural map U/ Aut(X, [uj]) — > Pi7A^2 is an isomorphism onto 
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its image and such that for each (Y, [77]) G U H 7t _1 (Xd), the subgroup 5 = 
(0:1,0:2) of ffi(S2;Z) is preserved by the real multiplication, which is possible 
by Theorem 15.91 

For the rest of this section, we will adopt the convention that each projective 
class (Y, [rj]) G U is normalized so that 77(01) = 1, so wc can regard U as an 
open subset of a hypersurfacc in Q,V$(T 30 ) or ttD%(T 3 , T 3 3 ). 

Proposition 7.26. If the neighborhood U of [X, [uj]) is taken sufficiently small, 
then for each (Y, 77) G U fl ■n^ 1 {Xr>), the On-submodule S of Hi(T,2,Z) is a 
quasi-invertible Op-module with {a±, 02,03} an admissible triple; furthermore, 
for (Y, 77) G U , the period maps P r] and P^: S — > R are the same. 

Proof. Since the curves of T 3 bound a pair of pants, we get the relation 

±ax±a 2 ±a 3 . (7.20) 

To see that {ai, 02, 03} is an admissible triple, it is enough to show that {oi, 02} 
is an admissible basis. Just as in the proof of Proposition 17. 181 it is enough 
to show that lmr](f3i) > for (Y, 77) sufficiently close to (X,u>). This follows 
from Theorem 15.51 using the fact that the /3, pass through tall cylinders, and 
each cylinder that /3j passes through contributes positively to lmr]((3i) because 
Oj ■ /3i > for each j. 

Since there are only finitely many admissible triples up to isomorphism by 
Proposition 13.61 the period 77(02) must be constant on U if U is sufficiently 
small, and 77(0:3) must be constant by Q7.20|) . Thus the period maps P^ and Pq 
are the same. I 

Now since {01,02,03} is an admissible triple, we can reorder them and 
replace ui by a constant multiple so that 

Lo(a±) = 1, w(o2) = A, and 0^(03) = A — 1, 

with A > 1, and A = X(P) for some Yo-prototype P by Proposition 13.61 If u> 
has no holomorphic node, then there is a unique such choice of the o^ and w (up 
to the hypcrclliptic involution). Otherwise, there are two such choices because 
we can swap oi and 02- Also when (X, [uj]) has no holomorphic nodes, reorder 
and possibly change the signs of the ji so that we still have Oj • jj = 5ij , and 
redefine the fli as in (|7.19[) with the new 7,;. When (X, [ui]) has a holomorphic 
node, reorder the Pi so that they are still dual to the Oj. 

Thus we see that if (X, [u>]) has three nonseparating nodes and (X, [uj]) E 
Xe>, then (X, [co]) = c\(p) for some Yo-prototype P as stated in Theorem 17.251 
Also, Proposition 17. 261 implies that if U is sufficiently small and if we define for 

/iel, 

Up = {(Y, 77) G U : 77(01) = 1 and 77(0:2) = m}j 

then U n it~ 1 (Xd) C U\, where A = 0^(02), by Proposition [726J 

Recall that in §6.71 we defined local coordinates (v, w, x, y, z) on VLV^T^ ). 
When A > 1, in these local coordinates, we can identify U\ with the subspace 
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defined by v = 1 and w = X. Then on U\, the (x, y, z) become 



x = 



y = 



z = 



g 27rir;(7i) 
p 2jrtTj(7s)/(A-l) 



and the (x,y,z) are local coordinates on U\. 

In M6.8I we defined local coordinates (w,x,y,z) on QD^iT^ Q , Tf ). In these 
local coordinates, we can identify f/i with the subspacc defined by w = 1. Then 
on t/i, the (x,y,z) become 



and the (x, y, z) are local coordinates on U\. 

Prototypes. Now assume that our (X, [u>]) = c\, where A = A(P) for some 
Yo-prototype P with a small neighborhood U of (X, [lu]) in the Dchn space 
chosen as above. We now assign a fine Yd -prototype P(Y, [rj]) to each (Y, [77]) S 
[/Htt- 1 ^) as in g?U 

Let (Y, [77]) G U H 7t _1 (X j d). We have a marking E2 — » Y which is defined 
up to Dehn twist around the curve system T 3 . Choose a marking S2 — > Y and 
use this to transport the symplectic basis a^, Pi, P2} to Y. 

There is some fi £ ifo with /i' 1 ^ = A such that /j • a\ = «2 and 



for integers a, b, and c satisfying the properties of Proposition [3T6l The generator 
a/i of 0_d defines by its action on Jac(Y) an endomorphism T of H\(Y;Z) 
which is given by the matrix (|7.9p for some integer q. Define the prototype 
P(Y, 77) = (a,b,c,q), where q is the reduction of q modulo gcd(o, b, c). By the 
same argument as in Theorem l7.21[ P(Y, [77]) is a well-defined fine Yd -prototype. 

Local coordinates for Xp. Given (X, [lu]) = c\ and a small neighborhood 
U of (X, [u>]) in the Dehn space as above, we now give equations for tt^ 1 (Xd) 
in U and show that (X 7 {id}) is indeed in X/j. For each fine Yu-prototype P, let 
Vp C U be the closure of 



which actually lies in U\. The following theorem gives explicit equations for Vp 
in the coordinates (x,y,z) on U\. 



x 



U 





a/i 2 + 6/1 + c = 



{(Y, 7?) e (7 n n-^Xn) : P(Y, 77) = P}, 
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Theorem 7.27. The locus Vp C C^a(p) * s cu t out by the equation, 

x a' =e -2iri q > y -c' z -a'-b'-c'_ y ^ 

If P is a nondegenerate and nonterminal Yd -prototype, then the closure 
Ca(p) * s cut out by the equations x = y = 0, and C>(p+) is cut out by the 
equations x = z = 0. 

If P is a degenerate Yd -prototype, then the additional equation y — cuts 
out U n Xd{T 1 ), and the equations x = z = cuts out C\/p+y 

If P is a terminal Yp> -prototype, then the additional equation z = cuts out 
U n Xz}(Ti ,Ti ), and the equation x = y = cuts out C\(p)- 

The leaves of the foliation Ad of Xd are given in these local coordinates by 

Proof. If the prototype P is terminal, then (|7.21|) reduces to (|7.12p . and the 
proof that Vp is given by this equation is the same as in Theorem 17.221 

Now assume that P is not terminal. Using the same symplectic basis {c^, Pi} 
and n € Kd such that fj, ■ a\ = «2 as above, equation (|7.9|) again implies 
(|7.14p and (|7.15|) . Integrating 77 over both sides yields (|7.16|) and (|7.17| . and 
substituting in 19[) gives 

Q??(7i) + jm72) + A _ 1 V{l3) = -Q (7.22) 

Dividing by gcd(a, 6, c) and exponentiating yields (|7.21[) . 

Conversely if {Y,rj) is in U\ minus the coordinate axes and is in the locus 
defined by (|7.2ip . then (|7.22|) holds modulo gcd(a, b, c), and by changing q mod- 
ulo gcd(a, b, c), we can ensure that it holds exactly. It then follows that (|7.16[) 
and (|7.17|) hold, and so (Y, 77) is an eigenform. 

The equations for the C\ and the other strata are straightforward. 

The periods 77(0:1) and 77(0:2) are fixed because of our normalization for 
77, and the periods 77 (/3i) and 77 (#2) are related by the real multiplication, so 
if one is constant, then the other is. Thus the leaves of the foliation Ad in 
these coordinates are given by n^fa) = const, which is equivalent to ?/ A z A_1 = 
const. ■ 

Proof of Theorem \7.25\ We saw as a consequence of Proposition l7. 261 that each 
stable Abelian differential in Xd with three nonscparating nodes is one of the 
c\(p) for some TD-prototypc P, and it follows from Theorem 17.271 that these 
c\(p) are in fact in Xd- The other statements also follow directly from Theo- 
rem 03 ■ 



Branches of Xd through c\. The varieties cut out by (|7.21| have a single 
branch through the origin, as we will see in Proposition 18. 3[ so we obtain a 
bijective correspondence between branches of t:~ 1 {Xd) through 7t _1 (ca) and 
fine Yo-prototypes P such that X(P) = A given by F h Vp. Just as in $7M 
the action of Aut(X, [co]) identifies branches corresponding to the same ordinary 
Yn-prototype, so we obtain the first statement of the following theorem. 
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Theorem 7.28. The germ of Xd through c\ is the following union of irre- 
ducible branches: 

U v P . 

Pey D 
A(P)=A 

If P is a nondegenerate Yd -"prototype such that X(P) = A, then the branch Vp 
through c\ intersects C\ in the germ Vp of Corollary \7.23\ If P is a nonterminal 
Yd -prototype such that A(P) = A, then the branch Vp through c\ intersects 
Ca(p+) in the germ Vp+ . 

Proof. Suppose that P = (a,b,c,q) is nonterminal. Let (Y,rj) € Vp be a non- 
singular Abelian differential close enough to a point p € C\(p+) that it is con- 
tained in some well-defined subgerm Vp/ of Xd through p. We need to show 
that P' =P+. 

We will continue to use the notation that we used to define the local coor- 
dinates around c\, so we have classes ai, «2, and c*3 € Hi(Y;Z 1 ) representing 
the nodes of c\ such that r/(ai) = 1, rj{a2) = A, and 77(03) = A — 1; we have fa, 
and fa S H\{Y\X) such that {ax, a.2, fa, fa} is a symplectic basis of -ffi(T;Z); 
and we have a/j€ Kd such that fi ■ cm — 0.2 and a/j 2 + o/j + c = 0. 

In order to calculate the prototype P' , we must choose a symplectic basis 
{a*!, a' 2 , fa, fa} of Hi(Y; Z) such that the ol i are homologous to cylinders on Y 
representing the nodes of p £ 0\tp+) and such that if we set 

x = nte) 

then A > 1 and A' < 0. Given such a basis, let jl £ Kd be such that £l- a[ = a' 2 . 
Let a' , 6', and c! be the unique integers such that 

a'fi 2 + b'fi + c' = 0, 

a' > 0, and (b') 2 — Aa'c' = D. For x G A"/}, set T K and T' x to be the matrices 
of the action of x on Hi(Y;Z) in the bases {ai,/3i} and {a^,/3-} respectively. 
Then the prototype P' is P' = (a' ,b' ,c' ,q'), where 5' is the entry in the upper 
right corner of T' a ,~. 

There are two cases to consider, depending on whether or not A > 2. First 
suppose that A > 2, or equivalently 4a + 2b + c < 0. Define the new symplectic 
basis of Hi(Y; Z), 

ai = ai # = ft + /3 2 

Q'2 = «3 = a 2 — ai /3 2 = fa- 

Then, jl = fj,— 1, and A = A — 1, which satisfies the required properties. We have 
(a', 6', c') = (a, 2a + 6, a + b + c). 
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The matrix T afl is given by (|7.9p . and an easy calculation shows that the new 
matrix is 



T',~ = 

a 1 ft 



a 




-a — b — c 
-2a -b 







q 

-q 

a 

-a — b — c —2a 



-v 



so P' = P + is as claimed. 

Now consider the case where A < 2, or equivalently 4a + 2b + c > 0. In this 
case, define a new symplectic basis of H%(Y; Z) by, 



Then 



a 2 - ai 



-an — a 



and A = 1/(A — 1) satisfies the required properties that A > 1 and A' < 0, using 
the fact that A > 1 because P is nonterminal. We have 

(a', 6', c ) = (—a — b — c, —2a — b, —a), 

and an easy calculation shows that the new matrix is, 



rjil rril 

a' ' jj, a^i+a+b 



( a 

—a — b — c 2a + b — q 



V a 



\ 



—a — 6 — c 
2a + 6 / 



Thus P' = P+ as claimed. 

Calculating the prototype of the intersection of Vp with C\ is much easier. 
Here we can use the old basis {oti,{3i} of Hi(Y;Z) to calculate the prototype, 
and thus it is just P. ■ 



A section of 0(— 1). Wc normalized each projective class (Y, rf) G f/\ so that 
each ri(ai) = 1. We can regard this as defining a section s of the canonical line 
bundle O(-l) over [/ A . 

The following follows directly from (|7.4[) together with the definition of our 
coordinates. 

Proposition 7.29. The norm of this section s of 0(— 1) over U\ is given by, 

1 



h(s, s) 



2- 



A 2 (A — l) 2 
log \x\ - — log \y\ log \z\. 

Z7T Z7T 



(7.23) 
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8 Geometric compact ificat ion of 



We have compactified the Hilbert modular surface Xd by taking its closure Xd 
in VQA42] however, this compactification is not suitable for out purposes. One 
problem is that Xd has non- normal singularities, and another is that several 
cusps of the curves Wd and Pd can come together to one point in Id. It 
turns out that taking the normalization of Yd solves both of these problems 
and produces a useful compactification which has only quotient singularities. 

Definition. The geometric compactification Yd of the Hilbert modular surface 
Xd is the normalization of Xd- 

This defines Yd as a variety. We will also give Yd the structure of a complex 
orbifold and of a projective variety in §8.11 

In this section, we will study in detail the geometry of Yd . In §8.11 we will 
study curves in Yd \ Xd, and their intersections with the curves Wd and Pd- 
We show in 8 38. 21 that Yd maps to the Baily-Borel compactification Xd by a map 
which is the identity on Xd, and we draw conclusions about the cohomology 
of Yd- In §8.31 we study the extension of involution t of Xd to Yd- We will 
assume that the reader is familiar with the operation of normalization. For a 
summary of the results about normalization which we use in this section, sec 

m 

8.1 Geometry of Yn 

The goal of this subsection is to classify the curves of Yd\Xd and to understand 
the ways in which these curves intersect each other and the curves Wd,Pd C 
Yd . This is basically a straightforward translation of the results of §T] on the 
local structure of Xd to the setting of the normalization. 

Local normalization of Xd- Normalization is a local operation: construct- 
ing the normalization of Xd just amounts to replacing each small open set with 
its normalization and then gluing together these normalizations. We saw in §3 
that the singular points of Xd are locally modeled on the varieties V(X P — Y q ) 
and V(X P — Y q Z r ) in C 3 , so we need to understand the normalizations of these 
varieties. 

Let 9 m = e 2lxl l m . The proof of the following proposition is easy and will be 
left to the reader. 

Proposition 8.1. The normalization of the variety V = V(X P — Y q ) C C 3 is 
gcd(p, q) copies of C 2 which map to V by 

f r {x,y) = {x\ei cAM x p ,y). 

It follows that V has gcd(p,q) branches through each singular point (0,0,-!?). 
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Given p, q, and reN relatively prime, let 

P 

gcd(p, q) gcd(p, r) 
1 



(8.1) 



r 



mo 



d 



gcd(p,r)J gcd(p,r) 

-q 



$cd(p, q) 



and define Q(p, q, r) to be the normal analytic space C 2 /G, where G is the order 
m cyclic group generated by the transformation, 

(x,y) ^ (0 m x,0"y). 

Lemma 8.2. If p q and r are relatively prime integers, then the map 



f: 1/ — f — - x Z/ — £ — r -► Z/p 

defined by f(a,0) = qa + r(3 is surjective, and its kernel is a cyclic group of 
order m which is generated by (gcd(p, r), — qs), where m and s are as defined in 

Proof. It follows from the fact that p, q, and r are relatively prime that / is 
surjective, so the kernel K has order m. The element (gcd(p, r), — qs) clearly 
belongs to K and has order at least m because gcd(p, r) has order m in 

Z/ 

Thus it is a generator of K. 



gcd(p, q) 



Proposition 8.3. The normalization of the variety V = V(X P — Y q Z r ) C C 3 
is p: Q(p, q, r) — > V , where p is induced by the map p: C 2 — > V" defined by 

( x ll gcd(p,q)yr/ gcd(g,r)\ 
x p/gcd(p,q) 
yVl gcd(p,r) 

Proof. For i = 1 or 2, let (xi,yi) be a point in C 2 minus its coordinate axes. 
We claim that 

P(xi,Vl) =P(X2,V2), 

if and only if the (xi,yi) are related by the action of G. It would then follow 
that p is the normalization of V because p would be well-defined, finite-to-one, 
and biholomorphic on the complement of the coordinate axes 

It is easy to show that p{x\, y\) = p(x2, 2/2) if the (xi, yi) are related by G. 
Conversely, suppose the (xj, yt) have the same image. Then we must have 

(afc.ttO = (e 27rmscd(p ' 9)/?, xi,e 27r8,3scd(p ' r)/?> x 2 ) 
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for some pair, 



(a.flez/ : XZ/ 

\gcd{p,q)J \gcd(p,r) 

such that 

qa + r/3 = mod p. 
By Lemma T8. 21 there is some fc € Z such that 

P 



a = k gcd(p, r) mod 
/? = — A;g,s mod 



gcd(p, g) 

P 



$cd(p, r) ' 

and it follows that the (x{, yi) are related by an element of G. ■ 

Since the normalizations of Propositions 18.11 and 18.31 are cither nonsingular 
or quotient singularities, we can regard Yd as a complex orbifold. 



One nonseparating polar node. We now begin to study the curves which 
make up Y D \ X D . Define Sp C Y D by 

S 1 D =K- 1 (X D (T lfi )). 

By Proposition 17. 1[ Sjj is empty unless D is square. By Corollary 17.71 points 
of Sj 2 correspond precisely to degree d cylinder covering differentials; S^ 2 is a 
suborbifold of Y d i by Theorem 17. 41 and 

If d > 3, then S d2 is actually a submanifold of Y d i because Ti(d) is torsion-free. 

There are finitely many intersection points of W <p with S d2 , and these in- 
tersections are transverse if d > 3 by Theorem 17.41 These intersection points 
are exactly the one-cylinder cusps of W d 2 . 



One nonseparating holomorphic node. Define Sp C Yd by 

S 2 D =TT- 1 (X D (T 1 ^Tl Q )). 

By Proposition 17. li is empty unless D is square. S d2 is a suborbifold of Y d i 
isomorphic to H/ri(d) by Theorem 17.91 and S% is a submanifold when d > 3. 
The points of S d2 correspond to genus one differentials with two marked points 
which differ by exactly d-torsion identified to form a node. 

SL 2 M acts on S% 2 with discrete stabilizer, so we can regard S^ 2 as a degen- 
erate Teichmuller curve. Just as for W d 2, cusps of S d2 correspond to periodic 
directions on a given (X, lo) £ S% , and we can divide the cusps of S^ 2 into one 
and two-cylinder cusps just as for W d i. 
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Given q G N such that < q < d/2 and gcd(q, d) = 1, let s g /^ £ Y^ be the 
inverse image of fq/j G X,p . By Theorem [7331 these are transverse intersection 

l 2 

points of S d 2 and S d 2, and these are all of their intersection points, because no 
other points in our classification of points in X<p lie in this intersection. These 
points s q /d are also exactly the one-cylinder cusps of S~jp . 

Two or more nodes. For each curve C\ C Ij), we associated a nondegen- 
erate Yo-prototype P to each branch of Xd through each point p G C\. This 
means that we can associate a nondegenerate Yo-prototype to each point in 
7r _1 (p) by Theorem [Ql 

For any nondegenerate Yo-prototype P, let C P C Yd be set of points in 
7r _1 (C A (p)) associated to P. The projection C P — ► C A (p) is surjective and 
mult(P)-to-one by Corollary 17.231 The union of the curves Cp parameterizes 
those points in Yd representing differentials with two nonseparating nodes and 
possibly a separating node. 

If A > 1, then C\ contains exactly one point w\ G Wd which represents 
an Abelian differential with a double zero by Proposition 16.101 We associ- 
ated a W^D-prototype to each branch of Xd through w\ , and we saw in Corol- 
lary 17.231 that W^i-prototypes P such that \(P) = A correspond bijectively 
to such branches. Given any W^i-prototype P, let wp G Yp> be the point in 
R _1 ( w a(p)) corresponding to the branch associated to P. The point wp is a 
two-cylinder cusp of Wd, and these are all of the two-cylinder cusps. This 
correspondence between Wd -prototypes and two-cylinder cusps of Wd is equiv- 
alent to the one described in |McM05a) : more precisely, the point wp described 
here is the cusp wp of Theorem 14.91 

Similarly, for any Po-prototype P, define pp G Yd to be the unique point 
in 7t _1 (pa(p)) coming from the branch associated to P. These points pp are all 
of the cusps of Pd ■ 

We know that Wd and Pd are disjoint since they are SL2M orbits. Their 
intersections with Yd \ Xd are also disjoint because we have accounted for all 
of these intersection points above, so it follows that Pd fllf d = in Yd- 

Suppose P is a Wd or a Po-prototype that maps to the Yu-prototype Q. 
Then the point wp or pp is contained in Cq. This means that if Q is a nonter- 
minal prototype, then Cq contains mult(P) points of Wd and the same number 
of points of Pd- If Q is a terminal prototype, then Cq contains a single point 
of Pd (because mult(Q) = 1) and no point of Wd because no W^-prototype 
maps to a terminal Yd -prototype. 

Proposition 8.4. The locus C P is a nonsingular curve in Yd- The restriction 
it: C P — * C\(p) is an unramified cover of degree mult(P), and C P is a twice- 
punctured sphere. 

Furthermore, Wd and Pd are smooth suborbifolds of Yd which intersect C P 
transversely. 

Proof. Let p G C P , and q = n(p). By Theorem I7!22l the branch V of X D 
through q corresponding to p is isomorphic to the germ at the origin of the 
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variety in C 3 cut out by 

x a " = 9y~ c " 

for some root of unity 9. In these coordinates, C°(p) is cut out by x = y = 0. 

If q = Wa(P) oi' Q = P\(-P)> then W d or Pp is cut out by z = 0. 

In coordinates (u, v) on a neighborhood of p, the map tt : Yp — ► Xp is given 

7r(u, u) = (u c , 0'u a , v), 

for some root of unity 9' . In these coordinates, Cp is cut out by u = 0, and 
if p € Wd or Pot then or Pjj is cut out by v = 0. The smoothness and 
transversality statements follow immediately. 

Since every point in C^, p s has mult(P) preimages in Cp, the projection is 

unramified of that degree. Thus C P is a twice-punctured sphere because it is 
an unramified cover of one. 

Finally, W d and Pd are suborbifolds because the coordinates above show 
that W d and Pp> are nonsingular where they cross the C p . These are the only 
points where Pd and W p> meet Yp> \ Xp> except for the intersections of W d 
with S D in the case when D is square, and we have already seen that W d is 
nonsingular there in Theorem 17.41 ■ 

Remark. The curves C P contain no orbifold points of Ypj. This is clear when 
X(P) > 1 because the image Cwp) of C P in PHM2 contains no orbifold points. 
When A(P) = 1, the image C\ is an orbifold locus of order two, so a priori Cp 
could be also. This doesn't happen because for any (X, [ui]) C C\, the group 
Aut(X, [u>]) fixes none of the branches of the inverse image of Xp, through the 
inverse image of (X, [u]) in POXES')- 

We now study the closure of C P , which we call Cp. By Proposition 16.91 
Cp\C P consists of points representing differentials c\ with three nonseparating 
nodes, defined in i)6.6l 

By Theorems 17.251 and 17.281 for every Y^ -prototype P, there is a point 
C A(P) £ X p> and a branch oi X p through c^p) labeled by P. Let cp G Yp> be 
the point corresponding to the branch labeled with P. This gives a bijective 
correspondence between the points of Yp representing Abclian differentials with 
three nonseparating nodes and Yd -prototypes. Unless P is terminal, all three 
nodes of cp are polar. 

Recall that for a prototype P = (a, b, c, q), we set 

(a', b', c') = (a, b, c)/ gcd(a, b, c). 

The following proposition describes the structure of Yp in a neighborhood of 
c P . 

Proposition 8.5. A neighborhood of the point cp, where P = (a, 6, c, q) is a 

nondegenerate, nonterminal Yp -prototype, is isomorphic to a neighborhood U/G 
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of the origin in the quotient singularity Q{a! , —c', —a' — b' — c'). In coordinates 
(u,v) on U, we have 

V(uv) = (Y D \X D )nU 

V{u) = c P nu 
v(v) = c P + n u. 

If P is a degenerate prototype, then cp is a smooth point of Yp . In a neigh- 
borhood of cp, the complement Yp> \ Xp is contained in S D U Cp+, and these 
curves meet transversely at cp. 

If P is a terminal prototype, then cp is also a smooth point of Yp>. In a 

2 

neighborhood of cp, the complement Yp \ Xp is contained in S D LI Cp, and 
these curves meet transversely at cp. 

Proof. These statements all follow directly from Theorems 17.271 and IT. 281 using 
Proposition 18.31 to translate these theorems into local coordinates on Yp . ■ 

It follows from this proposition that the order of the orbifold point cp is 

a' a 
mp gcd(a', c') gcd(a', b' + d) gcd(a, c) gcd(a, b + c) gcd(a, b, c) ' 

Proposition 8.6. The curve Cp is a connected rational curve which meets the 
points cp and cp~ and no other point cq. If Cp is given the structure of an 
orbifold with orbifold points of order mp at cp and nip- at Cp- , then Cp is a 
suborbifold of Yp . 

Proof. The complement Cp \ C P is contained in the union of the points cq, and 
by Proposition 18. 51 it consists of exactly the points cp and cp- . It follows from 
the coordinates in Proposition 18. 51 that Cp is a suborbifold at these two points. 
The curve Cp is rational because it is the closure of a twice-punctured sphere. 

■ 

When D is not square, the operations P + and P~ arc defined for all P, so 
the curves Cp are divided into finitely many closed chains of rational curves. 
When D = d 2 , the curves Cp are divided into finitely many chains of rational 

l 2 

curves joining S d 2 to S d i. 

To summarize, we have established the following: 

Theorem 8.7. Yp has the following properties: 

1. Yp is a compact, complex orbifold. Its orbifold points are located at the 
elliptic points of Xp, the elliptic points of S l d2 = H/ri(d) , and the points 
cp for which mp > 1. 

2. The curves Cp, W p, Pp, and S D are all suborbifolds of Yd. 

3. The curves Sp, Wp, and Pp are pairwise disjoint, and Sp is disjoint 
from Pp. 
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4- The curves S D , S D , Wd, and Pd meet the curves Cp transversely. These 
intersections correspond to two cylinder cusps of S D and Wd ■ If D = d 2 
with d > 3, then W d 2 intersects S d2 transversely. 

5. The point wp € W d lies on the curve Cq, where Q is the Yd -prototype 
associated to P, and wp lies on no other curve C q i . This gives a bijective 
correspondence between the intersection points of Wd with Cq and the 
set of Wo-prototypes associated to the Yd -prototype Q. Similarly, the 
intersection points of Pd with Cp correspond bijectively in the same way 
to the set of Pd -prototypes associated to the Yd -prototype P. 

If P is neither initial nor terminal, then Cp meets Wd and Pd in mult(P) 
points. 

If P is terminal, then Cp meets S d 2 and Pd once each and is disjoint 
from Wd- 

If P is initial, then Cp meets S d 2, Pd, and Wd once each. 

1 2 

6. The curves S d 2 and S d 2 meet transversely in the N points s q / d , where 

N= (l, *fd = 2; 

\±<t>(d), *fd>2 

(here </> is the Euler phi-function). 

Corollary 8.8. If D is not square, then Wd and Pd have the same number of 
cusps. The number of cusps of P d i is equal to the number of two-cylinder cusps 
ofW d 2 plus the number of two-cylinder cusps of S d2 . 



Example: Y\j. We will now illustrate these results in some specific cases. 
Most of the prototypes which arise will have q = 0, and we will abbreviate those 
prototypes by omitting q. 

There are five Yn prototypes: 

(1,1,-4), (2,-3,-1), (2,-1,-2), (1,-3,-2), (1,-1,-4). 

They form one orbit under the operation P P + , with each prototype being 
sent to the next on the list. We have mult(2, —1, —2) = 2, so Cta— i -2) meets 
Wn in the points u>(2, -1,-2,0) an d w^-i^.i) and P17 in the points P(2, -1,-2,0) 
and P(2, -1,2,1)- The other prototypes have multiplicity one, so the other curves 
Cp meet W17 and P17 once each. Since mp = 1 for each P, none of the points 
cp are orbifold points, and the Cp meet each other transversely. 

This configuration is shown in Figure [T31 The curves Cp form the pentagon 
and arc marked by their prototypes. The curves representing Wn and P17 in 
this figure accurately represent the connected components of these curves and 
their intersections with the Cp. 
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Figure 13: Y 17 
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Example: Yyi- There are three Y\i prototypes: 



(2,-2,-1), (1,-2,-2), (1,0,-3). 

They form one orbit under the operation P i— ► P + . We have 771/2,-2,-1) = 2, 
so the point c/2,-2,-1) i s an orbifold point of order two in the intersection of 
Cn-2,-2) ancl C(2,-2,-i)- The other two points cp are nonsingular. Each of 
these prototypes has multiplicity one, so W12 and P i2 each have three cusps 
and intersect each Cp once. 

Example: Y25. There are nine Y^-prototypes, which are divided into two 
orbits under P 1— > P + : 

(1,-5,0), (1,-3,-4), (1,-1,-6), (1,1,-6), (1,3,-4); 

and 

(2,-5,0), (2,-1,-3), (2,-3,-2), (2,1,-3). 

The prototypes after the first one on each list are nondegenerate and correspond 
to seven curves Cp in Y 2 $. Each of these prototypes has mp = 1, so none of 
the cp are orbifold points. The curve W25 has six two-cylinder cusps; it meets 
C(2,-3,-2) twice and the other four curves Cp corresponding to nonterminal 
prototypes once each. W25 also has two one-cylinder cusps (see Cl3l |McM05a] , 
or |LR06j for formulas for the number of one-cylinder cusps) corresponding to 
two intersections with S25. The curve P 2 5 also meets CW-3,-2) twice and each 
of the other Cp once each. 

Each of the two-cylinder cusps of W25 can be represented by a square-tiled 
surface with five squares having periodic horizontal direction. Figure [T4l depicts 
the curves Cp and S25 in Y25- Next to each Cp are diagrams representing square 
tiled surfaces associated to each cusp of W25 which meets Cp. 

Projective structure of Yp>. So far, we have given Yp> the structure of an 
algebraic variety and a complex orbifold. We can also give Yd the structure of 
a projective variety: 

Proposition 8.9. Yp> is a projective variety. 

Proof. Let Z C M.2 be the closure of the image of the natural map Xp> — > M2- 
The image of tt: Yd — ► M2 is contained in Z, so we have a finite surjective 
morphism Yd — > Z . This means that Yd is the normalization of Z in K(Yd) = 
K(Xd). By Theorem IA.3| Yd is a projective variety because M.2 is projective. 



8.2 Yd maps to Xd 

Recall that we introduced the Baily-Borel compactification Xd of Xd in $2j 
If D is not square, Xd consists of Xd together with a finite set C of cusps. 
If I? = d 2 , then X d 2 consists of Xd together with the curves R^ 2 and i?^ 2 
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isomorphic to M/Ti(d) and the finite set C of cusps. Let i: Xp> — ► Yp> be the 
natural inclusion. 

Theorem 8.10. There is a unique morphism p: Yp, — > ,suc/i £/ia£ p o i ~ 
\&x D ■ This map p has the following properties: 

• p maps each curve Cp onto a cusp of Xp,, and this induces a bijection 
between the connected components of{J p Cp and the set of cusps C C Xp. 

• The restriction, 

p: Y d \\JCp^ X D \C 
p 

is an isomorphism. 

• p maps S d2 isomorphically onto R' d2 . 

Proof. Recall from that there is the natural morphism j : Xp — > A2 with 
image Z such that j : Xp — > Z is the normalization of Z in K(Xp). 

The varieties Yp> and Xp both contain Xp as an open dense set, so we can 
identify both of their function fields with K(Xrj). The morphism q: Yd — * A2 
which is the composition of the maps 

Yd -> M 2 -> A 

has image By the universal property of normalization. Theorem IA.2| there 
is a map p: Yp> — > such that p* is the identity on /f(Xc) and j o p = q. 
Since p* is the identity on K(Xu), we must have poi = \Ax D - 

The locus of points in Yd representing stable Riemann surfaces whose Jaco- 
bian is (C*) 2 is the union (J C P . Thus g" 1 ^) = U C P- Wc havc = C, 

so p _1 (C) = IJCp. By Theorem IA.41 Zariski's Main Theorem, the fiber of p 
over each point in C is connected, so p induces a bijection between the compo- 
nents of 1J Cp and the points of C . 

For each point t E Xp, \ C, the image j(t) represents either an Abclian 
surface in A2 or an elliptic curve in Ai In the cither case, there arc only finitely 
many points in Yd which map to j(t), so the fiber p~ 1 (t) is finite. This fiber is 
also connected by Zariski's Main Theorem, so it is a single point. This means 
that the restriction, 

p: Y D \\JC P ^X D \C, 
p 

is a bijection, and it is thus an isomorphism because these are normal varieties. 

The locus of points t in X d i such that j(t) £ A\ is the union of R d2 and R d2 , 
and the locus of points in Y d i whose Jacobians are extensions of elliptic curves 
is the union of S d2 and S d2 . This means that p must take the curves S d2 to R d2 , 
and the restriction of p to the S d2 is an isomorphism onto the R d2 because S d2 
is disjoint from each Cp. ■ 
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Cohomology of Yd . We can use Theorem 18.101 to get information about 
the cohomology of Yd- In H 2 (Yd;Q), let B be the subspace generated by the 
fundamental classes of the rational curves Cp . 

Theorem 8.11. The intersection form on B is negative definite. 

Proof. Consider the map q : Y' D — > Yd obtained by resolving the singularities at 
the points cp of Yd. Define r: Y' D — > Xd by r = poq, and let E = r~ l (C). The 
locus E is the union of irreducible curves E^. By possibly taking some blow- 
ups of Y D , we can assume that the curves Ei are nonsingular and transverse 
(actually, performing these blow-ups is not necessary; see the remark below). 

Let B' C H 2 (Y D ; Q) be the subspace spanned by the fundamental classes of 
the Ei. By Theorem IA. 101 the intersection form on B' is negative definite. 

The map q* : B — > B' preserves the intersection forms on B and B' because 
q is degree one. We claim that q* : B — > B' is injective. To see this, define a 
linear map r: B' — ► B as follows. If £i C E, and <?(-Ej) is one of the curves Cp, 
let r([Ei\) be the fundamental class of that curve. Otherwise, q(Ei) is a point; 
in this case let r{\Ei\) = 0. We have r o q* = ids on B, so q* is injective on B. 

Thus g* embeds B m B' , preserving the intersection forms. Since the inter- 
section form on B' is negative definite, the intersection form on B must be as 
well. ■ 

Remark. We can actually describe the variety Y' D above very explicitly. The 
exceptional fiber of a resolution of a cyclic quotient singularity consists of a 
chain of rational curves {Ei}" =1 with Ei having one transverse intersection with 
E i+ i if i < i < n— 1. This is described in |vdG88j . 

Thus resolving each cp € Yd which is singular replaces each chain of curves 
Cp with a longer chain of rational curves with transverse crossings. 

Since Yd is an orbifold, Poincare duality holds for rational cohomology, as 
Satake showed in [Sat56aj . This together with Theorem 18 . 1 II means that we can 
define the orthogonal projection np ■ H 2 (Yd;Q) — > B. 

Corollary 8.12. If D is not square, then 

ttb[Pd] = ttb[W d ]. 

as classes in H 2 (Y D ;Q). If D — d 2 , then 

KB [PdA = K B WdA + 1T B[S 2 d 2\ 

Proof. For each curve Cp, the number of intersection points of Cp with Pd is 
equal to the number of intersection points of Cp with Wd and S D by Part 4 of 
Theorem 18. 71 (using the convention that S D is empty if D is not square). Since 
these intersection points are transverse, this implies 

[C P ] ■ [P D ] = [Cp] ■ ([W D ] + {S D }). 

The desired equations then follow because the intersection matrix of the Cp is 
nondegenerate. ■ 
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8.3 Involution of Yd 



We now study the extension of the involution r of X D to Y D . We then use this 
involution to deduce information about the fundamental classes of the curves 

W D - 

Lemma 8.13. Let T C Xd x M-2 be the graph of the natural map Xd — > M.2, 
and let T be the closure ofT in Xd x M 2 . Then there is a morphism q: Yd — > T 
which is the normalization ofT. 

Proof. We have a map q = p x it: Yd — > Xd x M.2 by Theorem 18. 101 and the 
image of q is in T. To show that q: Yd — > T is the normalization of T, we need 
only to show that q is finite and birational. The map q is birational because 
p: Yd — > is birational, as is the projection T — > Xd. The map q is finite 
because the map 7r: Yd — ► .M2 is finite. ■ 

Theorem 8.14. T/ie involution t of Xd extends to an involution r of Yd- This 
involution satisfies 

r(S D ) = S 2 D , (8.2) 

and 

r(C P ) = C m , (8.3) 
where t is the involution on the set of nondegenerate Yd -prototypes defined in 

Proof. Let T c Xd x Ai 2 as in Lemma T8. 131 The involution, 

f = t x id^ 2 : X D x M-2 —> X D * M 2 , 

restricts to an involution f of T. By the universal property, Theorem IA. 21 the 
composition f o q: Yd — > T lifts to a map t : Yd — > Yd which extends r on _Xd- 
Since r 2 is the identity on the open, dense subset Xd of Yd, the map r is an 
involution of Yd . 

The involution r of Xd sends i? D to R D - Since the map p: Yd — ► Xd 
commutes with the involutions, we must have t(S d ) = S D by Theorem 18. 101 

We are regarding Xd C PJ1A^2 as the set of stable Abelian differentials 
{X, [ui]), where X has a compact Jacobian, and Jac(X) has real multiplication 
p: Od — > End(Jac(X)) with lu as an ti-eigenform defined up to constant mul- 
tiple. In these terms, t(X, [lu]) is the pair (X, [a/]), where u/ is an /,2-eigenform 
for the same real multiplication on Jac(X) {to' is then an ti-cigcnform for the 
Galois conjugate real multiplication p'). 

Now suppose that (X, [to]) e X D is close to a point in the curve Cp, and 
(X, [ui']) = t(X, [lu]) is close to a point in C pl . We must show that P' = t(P). 

Recall the definition of the prototype P from H7.6I On (X,u>), there are two 
tall cylinders C\ and C 2 . Let {aj,/3j}|_j be a symplectic basis of H\{X\ Z) such 
that Qj represents the cylinder Ci and w(a;2)/w(ai) > 1. Let p G A'd be such 
that p-ai = ct2, and let ^(t) = at 2 + bt + cbe as in Proposition l3.4i in particular 
t/j(p) = 0. For A € i^D, let Ta be the matrix of the action of A on Hi(X;Q) 
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in the symplectic basis { Then T afl is as in (|7.9p . The prototype is then 
P = (a,b,c,q), where a, b, and c are as above, and q is the reduction of the 
upper right entry of T afl modulo gcd(a, b, c). 

There are two cases to consider. First suppose that fj,^ 2 ' < —1, which is 
equivalent to a — b + c < 0. Let {a' i: /^}f =1 be the symplectic basis, 

{ai)02>/3i>/%} = {ai,-a 2 ,Pi,-lh}, 

of iJi(X;Z). Let fj, = —fj,, and normalize [u/] so that ^(a^) = 1. Then 
fl ■ a\ = a'2, and 

= u/(/i ■ ai) = A (2) ^'(ai) = V 2) > 1- 

This means that we can use the symplectic basis {c^,/3^} to calculate P' . If 
ip'(t) = a't 2 + b't + d is the polynomial from Proposition 13.41 with ip'(jl) = 0, 
then 

%j)'(t) = ip{-t) = at 2 - bt + c, 

so (a', b' , c') = (a, —6, c). For A € JCd, let T( be the matrix T\ in the new basis 
{cti,[3i}. Then a simple calculation shows, 



rpl rpl 

a' f~i —afi 



( 

a 




'A 


a 

V 



Thus P' = (a, -6, c, q) = t(P). 

Now suppose that — 1 < ji^ < 0, which is equivalent to a — b + c > 0. Let 
{a-,/3-}f =1 be the symplectic basis, 



of i?i(X;Z), let /2 
0:2, and 



{a[, a' 2 , P[, /3' 2 } = {a 2 ,-ai,0 2 ,-i3i}, 
— 1/fj,, and normalize to' so that 0/(0^) = 1. Then fi ■ a' x 
J{a' 2 ) = > 1 



as before. If tp'(t) — a't 2 + b't + c' is the polynomial from Proposition 13.41 with 
ip'{p) = 0, then 

= -t 2 ifj{-l/t) = -ct 2 + bt-a, 

so (a',b',c') = (— c, b, — a). For A <G Kd, let T' x be the matrix T\ in the new 
basis {ai,Pi}. Then, 



Ta'ji = T c j p. = ac(T afl ) 1 



(-b c q\ 

-a -q 

-b -a 

\ c 0/ 
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and in the new basis, 



9 \ 


c 

b J 

Thus P' = (-c,b,-a,q) =t(P). ■ 

It is not true that t{W d ) = W D , but we will prove that something like this 
is true on the level of cusps. 

Theorem 8.15. Suppose D = 1 (mod 8). If D is not square, then for any 
nondegenerate Yjj -prototype, 

#(T^nCp) = #(W^nr(C P )). (8.4) 

If D = d 2 , then 

#(W^ 2 n c P ) + #(s% n Cp) = #{w° d , n r(c P )). (8.5) 

Proof. Suppose P is a nondegenerate, nonterminal, noninitial Yo-prototypc. 
Recall that the cusps of Wd lying on Cp, where P = (a, b, c, q), are the points 
wq, where Q = (a, b, c, r) is a Wzj-prototype with r € Z/gcd(a,c), and f = q 

(mod gcd(a, 6, c)). The cusp u>q lies on Wp\ where e(Q) is given by (|4.6p . 

There are two cases to consider, depending on whether or not a — b + c < 0. 
First suppose a — 6 + c < 0. In this case, 

e(t(Q)) = e(Q)+b=e(Q) + l (mod 2) 

for any Wi)-prototype Q associated to P, using the fact that b is odd because 
b 2 — Aac = D = 1 (mod 8). It follows that Cp has as many cusps of Wjj as 
C t (p) has cusps of W^. 

Now suppose that a — b + c > 0. Here there are four cases to consider, 
depending on the parity of a and c. First suppose a = 1 (mod 2), and c = 
(mod 2). In this case, for any Wu-prototype Q associated to P, we have e{Q) = 

(mod 2) and e(t(Q)) = 1 (mod 2). Thus, every cusp of Wd on Cp is in W D , 
and C t (p) has the same number of cusps, all in W D . 

Suppose a = (mod 2), and c = 1 (mod 2). In this case, for any Wd- 
prototype Q associated to P, wc have e(Q) = 1 (mod 2) and e(t(Q)) = 
(mod 2). Thus, every cusp of Wd on Cp is in W D , and C t (p) has the same 
number of cusps, all in W D . 

Suppose a = c = (mod 2). In this case, for any W£)-prototype Q = 
(a, b, c, f) associated to P, we have e(Q) = e(t(Q))f (mod 2). Since gcd(a, b, c) = 

1 (mod 2), this means that exactly half of the cusps of Wd on Cp are on W D , 
and the same is true for C t tp\. 

The last case, a = c = 1 (mod 2) doesn't occur because b 2 — Aac = 1 
(mod 8). Thus we have shown (18. 4p . 



T',~ 

a' (1 



/ o 
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It remains to prove (|8.5[) when P is an initial or terminal prototype. We 
claim that if P is an initial Y^-prototype, then Cp intersects W° d 2 once and is 
disjoint from w]p. Let P = (a, b, c, q) be an initial prototype. Since a—b+c = 0, 

gcd(a, c) = gcd(a, b,c), 

so mult(P) = 1, and W d 2 intersects Cp once. We have 

b = a + c 

=> {a + c) 2 - 4ac = d 2 

=>■ a — c = d 

=> a = c+l (mod 2), 

and furthermore / = d. It follows that e(P) = 0, thus the intersection point of 
Cp with WcP is in W d i. 

We saw in Theorem 18.71 that if P is a terminal Yo-prototype, then Cp 
intersects S d2 once and is disjoint from W d i. Thus if P is a terminal prototype, 
then both sides of (|8.5p are one, and if P is an initial prototype, then both sides 
of (18.51) are zero. ■ 



Corollary 8.16. If D is not square, then 

t^bW°d\^^bW 1 d\ (8-6) 
mH 2 (Y D ;Q). If D = d 2 , then 

n7r B [WU = ttbWU + n B \S%] (8.7) 

in H 2 (Y d 2;Q). 

Proof. Since the intersection pairing on B C H 2 (Yd;<Q) is nondegenerate by 
Theorem 18. Ill it suffices to show that 

[C P }-(n7T B [W° D }) = [Cp}-7r B [W 1 D }, 

and 

[C P ] ■ (t^bIWU) = [C P ] ■ (ttbWU + ttb[S%}) 

for each Cp. Since the intersections of W d and S d 2 with each Cp are transverse, 
this follows directly from Theorem 18. 151 ■ 
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9 Line bundles over Yd 



In this section, we will define extensions of some line bundles over Xd to Yd , and 
we will calculate their Chern classes. In TO.li we discuss background material 
on vector bundles over orbifolds. In £19.21 we recall Mumford's notion of a good 
Hermitian metric, which allows one to express the Chern classes of a vector 
bundle in terms of curvatures of singular Hermitian metrics. In TO. 31 we discuss 
the extension of Q,Xd to Yd, and we discuss the extension of T* Ad to Yd in 

9.1 Orbifold vector bundles 

Most of the theory of vector bundles over manifolds works for vector bundles 
over orbifolds. Here following |CR02j we discuss the facts that we need and 
refer the reader to the Appendix to |CR02] for details. 

Let X be a complex orbifold with an atlas {U a /G a — > X}, where U a C C", 
and G a is a finite automorphism group of U a (we allow G a to have elements 
which act trivially on U a , and X is said to be reduced if no such element exists). 
A rank r holomorphic orbifold bundle over X is an orbifold E with a map 
7r : E — ► X such that for each a, 

*-\U a ) S (U a x C r )/G a , 

where G a acts on U a x C by 

9 ■ {z,v) = {g ■ z,p(z,g)(v)) 

for some p: U a x G a — ► GL r C which is a homomorphism if we fix z and is 
holomorphic if we fix g. 

Nonrcduced orbifold structures occur naturally. For example, M.2 has a 
nonreduced orbifold structure, where the local group G at a point X is Aut(A). 
This is nonreduced because the hypcrelliptic involution acts trivially. The as- 
sociated reduced orbifold structure has local group G = Aut(A)/J at X. With 
this definition of an orbifold vector bundle, is only an orbifold vector 

bundle if we take the nonreduced orbifold structure on M.2- When necessary, 
we will implicitly use this orbifold structure. Similarly, Xd has a nonreduced 
orbifold structure with local group G = Aut(A,p) at (A, p). 

We want to be able to pull back bundles along maps between orbifolds. The 
operation of pulling back a bundle is much more complicated in the category of 
orbifolds then in the category of topological spaces. In particular, given a map 
/ : X — > Y of orbifolds, it is not always possible to pull back a bundle over Y by 
/; however, this is possible if / is what is called a good map. We will informally 
discuss pullbacks of orbifold bundles without actually defining a good map. 

Given a map /: X — > Y of orbifolds and charts V/H C Y and U/G C X 
such that f(U/G) C V/H. there is a lift / : U — ► V such that for each g G G 
there is some h £ H such that 

f(g-z) = h-f(z). 
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Note that there may not be a group homomorphism a: G — ► H such that 

f(g ■ z) = a(g)f(z). 

If / is good in the sense of [CR02] , then such a homomorphism does exist. 
The actual definition of a good map is some complicated global condition which 
locally amounts to the existence of such a homomorphism; we will not get into 
this here. 

In the notation of the previous paragraph, suppose that /: U/G — > V/H is 
good and we have over V/H a vector bundle E = (V X C r )/H — > V/H, with H 
acting on V x C r by p: V" x H -> GL r C. We define /*£ over [/ by 

/* B = (CT x <T)/G, (9.1) 

where G acts on U x C r by # • (2:, u) = (g ■ z,r(z,g)(v)), with 

= P(.f(z),cr(g))- 

Globally, the pullback of a bundle E —* Y along a map /: X — ► Y is an 
orbifold vector bundle which locally satisfies (|9.ip . 

Given an orbifold X, write X rog for the set of p points of X such that for 
a chart U /G 3 p, no element of G fixes p. The following theorem follows from 
Lemmas 4.4.3 and 4.4.11 of [CR02j . 

Theorem 9.1. Let f : X — > Y be a map of orbifolds such that f (Y xes ) is an 
open, dense, and connected subset of X . Then f is a good map of orbifolds, and 
for any orbifold vector bundle E — > Y , there is a well-defined pullback bundle 
f*E — > X . The pullback bundle satisfies the naturality property, 

Cl (f*E) = f* Cl (E). 

Remark. Chcrn classes for orbifold vector bundles are defined using the Chern- 
Weil construction, which associates a de Rham cohomology class to a metric on 
an orbifold bundle. This theory is worked out in |CR02j . 

9.2 Good metrics 

It is well known that the Chern classes of a complex vector bundle can be given 
in terms of the curvature of a Hermitian metric. In |Mum77] . Mumford showed 
that for a Hermitian metric with certain mild singularities, called a good metric, 
the Chern classes of the vector bundle can still be given in terms of the curvature 
of the metric. Mumford's results are in terms of nonsingular complex projective 
varieties, but his results and proofs work just as well in the setting of complex 
orbifolds. In this section, following |Mum77] . we will summarize what we need 
about good metrics, translating to the setting of orbifolds. 

Let X C X be complex n-dimensional orbifolds with fl = I- Ia divisor 
and X compact. Suppose that we can cover D with coordinate charts A"/G, 
where A™ C C" is a polydisk, and G is a finite group of automorphisms of A" 
such that: 
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• Each transformation g G G is of the form, 

for some roots of unity 0j. 

• D n A is a union of the coordinate axes z\ = 0, . . . , z r = for 1 < r < n. 

In such a neighborhood A"/G, we have A"nl = (A*) r x A"~ r . We give 
A™ n X a metric by putting the Poincare metric, 

= M a 
|z| 2 (log|^|) 2 ' 

on the A* factors and putting the Euclidean metric \dz\ 2 on the A factors. Call 
the product metric lu. This metric is G-invariant, so it is a metric on A™/G in 
the orbifold sense. 

Definition. A p-form rj on X has Poincare growth if there is a cover of X \ X 
by polycylindcrs A™/G Q as above such that in each A^ we have some constant 
C a such that for any p vectors U at any point x G A^ n X, 

\T](t u ...,t p )\ 2 < C a u a (t 1 ,ti)---uj a (t p ,t p ), (9.2) 

where ui a is the metric on A"/G Q defined above. 

In this paper, given a differential form 77, we will write {rj) for the current 
defined by rj, and [77] for the de Rham cohomology class defined by rj. 

Proposition 9.2. A p-form rj with Poincare growth satisfies, 

/ \n a ci < 00 

Jx 

for any smooth form £ on X of complementary dimension. Thus, rj defines a 
p-current {rj). 

Definition. A p-form r) in X is good if rj and drj both have Poincare growth. 
Proposition 9.3. If rj is a good p-form, then 

d{rj) = {drj). 

Note that it if rj is a closed good form, it is not necessarily true that 77 = d( 
for a good form £; however, this will be the case if 77 is the Chern form of a good 
Hcrmitian metric. 

Let L be a holomorphic orbifold line bundle over X with L the restriction 
to X, and let H be a Hermitian metric on E. 
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Definition. H is a good metric if for every point x € D, and every polycylin- 
drical neighborhood A"/G as described above with D given by 

fc 

i=l 

and for every holomorphic section e of E over A n /G, setting h = H(e,e), we 
have 



\hl\h\~ 1 <C J>gN 




for some C > and to > 1. 

• The 1-forms arc good on A n /G D X. 

Theorem 9.4. If H is a good metric, then the Chern form, c\{E,H) is good 
and the current (c\(E, H)) represents the Chern class c±(E) in H 2 (X;Q). Fur- 
thermore, 

ci(E,H) -dr) 
is a smooth 2- form on X for some good 1-form rj. 

The last statement follows from the proof of Theorem 1.4 in |Mum77j . 
We now show that Chern forms of good metrics behave as they should with 
respect to the cup product pairing and integrating over curves. 

Proposition 9.5. Suppose dime X = 2. If u and r\ are Chern forms of two 
good metrics, then 

<M,[ ?7 ]) = / U A V . (9.3) 
Jx 

Proof. By Theorem 19.41 we can write 

cj = cj + duj" 
r) = r]' + dr]", 

where u/ and rj are smooth, closed 2-forms on X, and w" and 77" are good 
1-forms. We have, 

(M,fo]> = j[yA7/ 




(w A i] - lo A dr]" - duj" A n + duj" A dr]") 



( (w A 7j + d(u) A 77") — d(u>" A 77) + d(u>" A dr]")). (9.4) 
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We claim that J x da = for any good 3-form a. The last three terms in 
9.4p are of this form, so (|9.3[) follows from this claim. By Proposition 19. 3[ 



da = (da)(l) = d(a){l) = -(a)(dl) = 0, (9.5) 



x 

so the claim follows. ■ 

Proposition 9.6. Suppose C C X is a curve with no irreducible component 
contained in D, and suppose oj is the Chern form of a good Hermitian metric. 
Then 

<[C],M) = f oj. 

Jc 

Sketch of proof. Let u = uj' + dw" with ui' a smooth 2- form on X and ui" a good 
1-form. We have 

." 



We need to show that 



and 



([C},[uj})= f J = f u - f dw" 
Jc Jc Jc 

\u\ < oo (9.6) 
dw" = 0. (9.7) 



c 

Let Co = C \ C n D. We can speak of Poincare growth for forms on Co 
using the compactification of Co obtained by adding a point to each cusp of 
Co- It follows from the Schwartz Lemma that any good p-form on X restricts 
to a good p-form on Co, so cu\c and uj"\c are good. Then (|9.6p follows from 
Proposition E21 and ([97]) follows from IpTS]) . ■ 



9.3 Extension of the bundle VtX D to Y D 

Extension of ilXrj- Recall that we have the map ir: Yd — > POA^2 from 
Theorem HHUl Let 

7Ti : PrtM 2 -> M-2 
be the natural projection, and let 

7T2 = 7Tl O 7T : Yb — > A^2- 

Let f2°Y£> = -^2(0^2)- It does not follow directly from Theorem 19.11 that this 
pullback is well defined because we must take the nonreduced orbifold structure 
on M.2 for VLM.2 to be a bundle, and then ^^(A^i-cg = Yd- Instead, first pull 
back the square (fiA^)® 2 - This is a bundle over M2 with the usual reduced 
orbifold structure, so ^2 1 {M.2)-[cg consists of the elliptic points of Xr> together 
with the elliptic points of S l d2 and the curves Cp. This is an open, dense, 
and connected subset of Yd, thus the pullback of the square is well defined by 
Theorem l9.il Then define £1°Yd to be the quotient of this pullback by ±1. 
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Given p £ Yd with it-zip) = X £ M2, the fiber of £1°Yd over p is isomorphic 
to Q,{X)/G P for some finite group G p . If p is not an orbifold point of Yd, then 
G = {±1}- If p is an elliptic point of Xd or S D , then G p = Aut(X). If p = cp 
with P a nondegenerate, nonterminal Y^ -prototype, then a priori G p could 
be bigger than {±1} because cp is a singular point of Yd- In fact, n(cp) is a 
nonsingular point of PO.M2 because the residues at the nodes of it (cp) are all 
different, so by (|9.1[) , G p = {±1}- Thus we have shown that the fiber of fl a Yp> 
over p is 0(X)/{±1} unless p is an elliptic point of Xu or S D . 

Over PflM 2 , there is the canonical orbifold line bundle 0(— 1) — » PfiA^ 
whose fiber over (X, [w]) is the subspace of il(X) spanned by 10. Define 

Q}Y D =tt*0(-1) 

n 2 Y D = t*q}y d . 

Since 0(1) C ^^^2 as a sub line bundle, Q x Yd is a sub line bundle of Q°Yrj- 
The involution r lifts to an involution of f2° Yb, so we can also regard f2 2 Yu as 
a sub line bundle of fl°Yrj. Given p £ Yp> with ^(p) = X, the Jacobian Jac(X) 
comes with a choice of real multiplication by Od, and we can regard the fiber 
of fl l Yrj over p as the space of ii-eigenforms. Since 

Q(X) = n 1 (x)®n 2 (x), 

we obtain 

n°Y D = n 1 Y D ®n 2 Y D . (9.8) 

Define 

Q l Y D = (WYd) 2 , 

which parameterizes quadratic differentials which are squares of ti-eigenforms. 
In what follows, we will sometimes abbreviate V^Yd and Q 1 Yd by UYd and 
QY D . 

Proposition 9.7. The restriction of QYd to each curve Cp C Yd is trivial. 

Sketch of proof . Define a global nonzero section of QYd over Cp as follows. If 
X £ C P , then let qx £ Q(X) be the unique quadratic differential which is 
the square of the Abelian differential lox 6 which has residue 1 at both 

nonscparating nodes of X . Otherwise, X has three nonseparating nodes. In 
this case, define qx in the same way, using the two nodes of X which arc limits 
of nodes of surfaces in C p . ■ 

Chern class of VIYd- In i)2.31 we gave QXd a Hermitian metric /in- In terms 
of Riemann surfaces, the metric is given on the fiber over X by 




The induced metric /iq on QXd is given in the fiber over X by 
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On Yd, these metrics become singular along the curves Cp and S D because 
stable Abelian differentials representing points on these curves have infinite 
area. 

Theorem 9.8. The metric Hq on QYd is a good metric. 

Lemma 9.9. Let H be a singular Hermitian metric on the trivial bundle L = 
A" x C over the poly disk A™ £ <C n , and let s be a holomorphic, nonzero section 
with 



H{s,s) = log \zi\ + 



for some constants a and c with c; < 0. Then H is a good metric on L. 
Proof. Let h = H(s,s). Clearly, 



so it remains to show that a = dh/h is a good 1-form. 
We have, 



Y,i<k lo s N + c ' 



St) 



a 



< 



\ Zj \\og\zj\ 



d d 



dzj ' dzj 



1/2 



Thus a has Poincare growth. We have 

da 



EdziAdzj 
ij CiC 3 ZiZj 



SO 



da 



d d_ 

dz k ' dzi 



2 (^Ci log \zi\ +c) 



1 £fcQ 

2 \ z kzi\ lo sN + c) 2 
^11 1 

" 4|z fc |log|z fc | |zj|log|s/| 
1 ( d d \ 1/2 /a 9 \ 1/2 



4 U V^fe' ^fe 



dzi ' 9^ 



Thus, da also has Poincare growth, so a is a good 1-form, and H is a good 
metric. ■ 
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Proof of Theorem \9.8[ We need to give holomorphic sections of QYp> around 
every point of S D and Cp and show that the norms of these sections satisfy the 
required bounds. 

If p € S d 2 , then we saw in §7.31 and £17.51 that X d i is normal around p, so we 
can work in X d 2. We gave a section s of 0{— 1) around p whose norm is given 
by (|7.3p or (|7.7[) . The norm of s 2 as a section of 0(— 2) is the square of the 
norm of s, and s 2 can be regarded as a section of QYp> around p. Thus hq is 
good around each p € S d 2 by Lemma 19.91 

If p G Cp , then we can consider n{p) as a point in Pfi£>g(T 2 ) or PttV%(T 2 -J. 
As we saw in £17.6[ 7r(p) is contained in a hypersurfacc U\ with coordinates 
(x, y, z) on [/a. The variety Xp> is contained in [/a near 7r(p) and is cut out by 
the equation, (|7.12|) . In a neighborhood of p in Yd, there are coordinates (u,v) 
with 

x = u, y = v q , and z = 6v r ', 

for some p, g e N and root of unity by Proposition 18.11 We defined a section 
s of 0(— 1) over U\ with norm given by (|7.18p . The pullback of s 2 to Yp> gives 
a section t of Q^d with norm, 

h Q (t,t) = ( Cl logM + c) 2 , 

for some constants ci and c with ci < 0. Thus by Lemma l9.9l Hq is good around 
every p G C P . 

Now suppose p = cp for some prototype P. We can consider ir(p) as a point 
in PQX>2(T 3i0 ) or Pfi^(T 3 3 ). As we saw in §Tjl 7r(p) is contained in a hyper- 
surface U\ with are coordinates (x, y, z) on [/a- The variety Xp> is contained in 
/7a near 7r(p) and is cut out by the equation, (|7.2ip . In a neighborhood of p in 
Yd, there are coordinates (u, v) with 

x = u p v q , y = u r , and z = w s , 

for some p, q, r, s e N by Proposition [831 We defined a section s of 0{— 1) over 
J7a with norm given by (|7.23|) . The pullback of s 2 to Yd gives a section £ of 
QYd with norm, 

/i Q (i, £) = (ci log |u| + c 2 log M) 2 , 

for some negative constants ci and c 2 . Thus by Lemma [931 Iiq is good around 
every cp. ■ 

Corollary 9.10. The first Chern class of Q l Yp> is 

c 1 {Q i Y D ) = [w i ]. (9.9) 

Proof. Since Hq is a good metric, ci(QYd,/jq) represents ci(QYd) by Theo- 
rem [931 We showed in Proposition 12.81 that ci(QYd,/iq) = tui- This shows 
that ci^Yd) = [cJi]. Also, 

ci(Q 2 Y D ) - c^Q'Yd) = ^c^Q'Yd) = [lo 2 ]. 
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Corollary 9.11. Fori = 1,2, and for any nondegenerate Yd -prototype, 

N • [c P ] = o. 

Proof. This pairing is equal to the degree of QYd restricted to Cp. Since this 
restriction is trivial by Proposition 19 . 71 the degree is zero. I 

9.4 Extension of the foliation Ad to Y D 

Proposition 9.12. The foliation Ad of Xp> extends to a foliation (which we 
will continue to call Ad) of 

Yd\\Jc p , 
p 

where the union is over all nonterminal Yd -prototypes. The curves C P and S D 

2 

are leaves of Ad, cmd Ad is transverse to S D . 

Proof. It follows directly from the equations for Ad given in Corollaries 17.71 
and 17.121 that Ad extends over S D and S D to a foliation which contains S D as a 
leaf and is transverse to S D . The equations for Ad in Corollary 17.151 show that 
Ad extends over the intersection points of S D and S D and is transverse to S D 
there. For p £ C P , equations for Ad near ir(p) £ Xd are given in Theorem l7.22l 
There are local coordinates (it, v) in a neighborhood of p in Yd such that x = u, 
y = v p , and z = 9v q for some p,q £ N and root of unity q. In these coordinates, 
Cp is cut out by v = 0, and Ad is given by v = const. Thus Ad extends over 
C P to a foliation which contains C P as a leaf. ■ 

We will now study T*Ad, the cotangent bundle to the leaves of Ad- Since 
every orbifold line bundle on a complex orbifold minus a subvaricty of codimcn- 
sion at least two extends to an orbifold line bundle over the entire orbifold, we 
can regard T* Ad as an orbifold bundle over all of Yd, even though the foliation 
is singular at the points cp. The holomorphic sections of Ad over an open set 
U are exactly the holomorphic sections over U minus the singular points of Ad- 

Proposition 9.13. The only singular fibers ofT*Ao o-re over the elliptic points 
of Xd and the elliptic points of S l d2 . For each nonterminal Yd -prototype P, the 
restriction o}T*Ad to the curve Cp is trivial. For each terminal YD-prototype, 
the restriction ofT*Ao to the curve Cp is isomorphic to T*Cp{cp-). 

Proof. Besides the elliptic points, the only points over which T* Ad could have 
singular fibers are the singular points cp of Ad- Every section of an orbifold 
line bundle vanishes on a singular fiber, so to show that the fiber over cp is 
nonsingular, it suffices to show that T* Ad has a nonzero section over cp. 

Let (a;, y, z) be the coordinates on in a neighborhood of ir(cp) in the hyper- 
surface U\ C PQV 2 (T 3 ) as on p.ll08l By Theorem I7T271 and Proposition IO 
a neighborhood of cp in Yd is of the form A 2 /G, where A 2 is a polydisk with 
coordinates (u, v) such that 

x = u p v q , y = u r , z = v s 
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for some p, q,r,s £ N, and G is a cyclic group whose action on A 2 is generated 

by 

(u,v) = (6u,8 n v) 
for some root of unity 9. By the equation, 

for the foliation Ad from Theorem 17.271 Ad is given on A 2 by the equation 

u a v b = const 

for some a, b > 0. If P is nonterminal, then A > 1, and a,b > 0. Otherwise 
A = 1, and b = 0, so the foliation is nonsingular at cp. Define a vector field X 
on A 2 by 

v h 9 9 
X = bu- au— . 

ou ov 

X is tangent to Ad and is invariant under G, so it gives a nonzero section of 
T* Ad in a neighborhood of cp. Thus the fiber of T*Ad over cp is not singular. 

The restriction of X to Cp is a vector field on Cp in a neighborhood of cp 
which vanishes at cp. That means that a vector field Y on Cp defines a nonzero 
section of T*Ad\c p ^ and only if Y vanishes at cp. HP is nonterminal, then 
Cp has two points cp and Cp- which pass through singular points of Ad- A 
holomorphic vector field on Cp which has a zero at each of these points and no 
other zeros determines a nonzero holomorphic section of T*Ad\c p - Thus this 
restriction is trivial. 

If P is terminal, then cp is a nonsingular point of Ad- Thus, the only 
singular point of Ad which Cp intersects is Cp-, so 

T*A D \c P ^T*C P (cp-). 



Corollary 9.14. The pairings of c\(Y*Ad) with the fundamental classes [Cp] 
are 

if P is not terminal; 
— 1 if P is terminal. 



Cl (T*A D ) ■ [C P ] = 



Proof. The pairing c\{T*Ad) ■ [Cp] is equal to the degree of the restriction of 
T* Ad to Cp. If P is nonterminal, then this restriction is trivial, so the pairing 
is zero. If P is terminal, then this restriction has degree —1 by Proposition l9.13l 



Chern class of T* Ad when D is not square. We now calculate the first 
Chern class of T* Ad by relating it to the bundle Q 2 Yd- 

Lemma 9.15. If D is not square, and C — > Yd is an orbifold line bundle with a 
nonzero section s G T(Xd,C) defined over Xd, then S is a meromorphic section 
of C over Yd ■ 
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Proof. Let 0{C) be the sheaf of sections of C. By |Ser56j . 0(C) is a coherent 
algebraic sheaf on Yd- We claim that s is defined algebraically over X. It would 
follow from this because every algebraic section of a line bundle over a dense. 
Zariski-open subset is mcromorphic by |Har77[ Lemma II. 5. 3]. 

The direct image tt*0(£) is a coherent algebraic sheaf on Xd- Given an 
open set U C Xd and t G r(£/, 7r* £>(£)), let r = t/s, a holomorphic function on 
U\C, where C = Xd\Xd is the set of cusps of Xd- By Koecher's principle (see 
|vdG88j ). r extends uniquely to a holomorphic function r on U. This defines an 
injective analytic map of sheaves, 

i: t.O(C) -> Oz D , 

with i(t) = r. By |Ser56) . i is actually defined algebraically. Since i(s) = 1, and 
1 is algebraic, it follows that s is an algebraic section of C over Xd- B 

Theorem 9.16. When D is not square, 

Q 2 Y D =T*A D - 

Proof. Define 

C = Q 2 Yd®(T*Ad)~ 1 . 



By Propositions [2781 and [2T91 

Q 2 Yd\x d == L-2 = T*Ad\x d , 

so there is a nonzero, holomorphic section s of C over X^, which is a mcromor- 
phic section of C over Yd by Lemma 19.151 
The divisor of s is 

( S )=5>pCp, 



so 



We need to show that the ep are all zero, for then s would be nonzero and 
holomorphic, so C would be trivial. By Propositions 19 . 71 and 19 . 13l the restriction 
of £ to each Cp is trivial, so 



[C q ]-J2^p[Cp] = [Cq]-c 1 (C) = 0, 



for each Y^-prototype Q- It then follows from Theorem 18.111 that ep = for 
each P. ■ 

Corollary 9.17. If D is not square, then the first Chern class of T*Ad is 

c x {T*A D ) = [wa]. (9.10) 
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Chern class of T*A<p. The foliation A d 2 of X d 2 extends to a foliation A d 2 
of the orbifold X d 2 . Give TA d 2 the metric p induced by the hyperbolic metric 

2 

along the leaves of Ad ■ This metric is singular along R d 2 . 

^ 2 

Theorem 9.18. The metric p is a good metric for TA d 2{—R d 2). 
Proof. Let G C SI^O^ 2 be the cyclic subgroup generated by 

1 0\ (I d 

i)>[p 1 

We then have a map, 

H x H/G = i x A* -> X d 2 

(where A* is the punctured unit disk), which extends to an unramified map of 
orbifolds, 

p:ixA-> X d 2 

sending H x {0} to R 2 d2 , and sending leaves of the vertical foliation by disks to 
leaves of A d i. . The vector field, 

X = z° 

on H x A* locally defines a nonzero, holomorphic section of TA d 2 {—R d 2 ) around 
points in R 2 d2 . The norm of this section is 

p{X,X) = {\og\z 2 \)-\ 

so by Lemma 19.91 p is good near points of R d2 (note that the exponent of the 
metric in Lemma T9. 91 is irrelevant because changing the exponent only changes 
dh/h by a constant). 

The proof that p is good near the cusps of Xjj is the same, except these 
points are covered by A x A, rather then Ix A. ■ 

Corollary 9.19. The first Chern class ofT*A d 2 is 

c 1 (T*A d 2) = [u 2 ]-[S d 2] (9.11) 

Proof. By Theorem EH 

Cl (T*A d 2) = [Lu 2 ]-[R 2 d 2]. 
Since ir*(T*A d 2) is isomorphic to T*A d 2 over X d 2, 



n*(T*A d 2)=T*A d 2 (^epCp^j 
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where the sum is over all nondegenerate Yo-prototypes P. Thus 

5>p[C P ] = H - \EU-ci{T*A d ,) (9.12) 
p 

2 2 

because -K*[R d2 ] = [S d 2}. 

The pairing of [Cp] with the right hand side of (|9 . 1 2|) is trivial for all P 
by Corollary 19.141 together with the fact that from Theorem 18.71 that Cp is 

2 2 

disjoint from 5^2 if P is nonterminal, and Cp intersects S d2 in one transverse 
intersection if P is terminal. Theorem 18.111 then implies that the ep are all zero. 
Thus Cr{T*A,p) is as claimed. ■ 
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10 Euler characteristic of Wd 



In this section, we calculate x{Wd)- We construct a meromorphic section of a 
line bundle over Yd which vanishes along Wd and has simple poles along Pd 

2 

and S D . This allows us to relate x(VKd) to x(Pd), x(Xd), and x(^d)- 

In |McMb| . McMullen defined a quadratic differential on the leaves of Ad in 
Xd, and used this to construct a transverse measure for the foliation of Xd by 
SL2K orbits. This quadratic differential was also studied in |Sch05j in the case 
when D is square. Here we recall the construction of this quadratic differential 
from |McMb] and define it on all of Yd ■ 

Theorem 10.1. On each leaf L of Ad, there is locally a quadratic differential 
q which has a simple zero on each point of W d H L, has a simple pole on each 
point of (Pd U S d ) PI L, and is elsewhere holomorphic and nonzero. 

Proof. For each z G L, let X z be the corresponding Ricmann surface with 
real multiplication. Choose a basepoint zq G L, and choose some eigenform 
ll> Zo G f2 1 (X ZQ ). There is a unique section z 1— > to z of SWp over L such that the 
absolute periods of the u> z are locally constant. When L C Xd, this follows 
from Proposition 12.101 If L = Cp, this is clear because the periods of uj z are 
determined by the residues at the nonseparating nodes of X z , and along Cp 
these residues have constant ratio, and if L = S^ 2 , this is also clear because if 
(X z , u>z) is a cylinder covering differential, then the periods of lo z are all rational 
multiples of the period around the node of X z , so if this period is constant along 
L, then all of the periods are constant. 

If z G L \ (Wd U Pd U S d ), then (X z ,ui z ) has two distinct simple zeros. Let 



where 7 is some path joining the zeros of lj z . This f(z) is a multivalued holo- 
morphic function on L \ (Wd U Pd U S d ) because the value of f(z) depends on 
a choice of an oriented path joining the zeros of ui z . Define 



We claim that q is a well-defined quadratic differential on L. To see this, suppose 
we replace an oriented path 7 joining the zeros p and q of uj z with a new path 
7' joining p to q. Since 7 — 7' is a closed path, this changes / by an absolute 
period of uj z . Since the absolute periods of uj z are constant along L, replacing 
7 with 7' does not change df. If we replace 7 with —7, the same path with the 
opposite orientation, this changes / to — /, which does not affect q because of 
the exponent. Thus q is well defined. 

We now identify the zeros and poles of q. Since the absolute and relative 
periods give a system of local coordinates on the strata in the relative 

periods give local coordinates on L because the absolute periods are constant, 
so q is holomorphic and nonzero on the complement of Pd, Wd, and S D . 




7 



(10.1) 



q = (df) 2 . 
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Suppose z £ LHWd- For zeC, let I(z) e C be the segment joining to 
z. For w £ A e , where A e is some small e-ball around in C, let 

cj)(w) = (X w ,u; w )# I ( w 3/2* ) , 

(this is the operation of splitting a double zero defined in £|4.ip . As in ij6.21 <f) is a 
conformal isomorphism onto some neighborhood of z in C. In these coordinate, 
we have f(w) = w 3 / 2 , so 

9 A 2 

q = —w aw . 
4 

Thus q has a simple zero at z. 

Now suppose z £ L n Pd ■ Then 

{X„W Z ) = (X 1 ,L0 1 )#(X 2l L0 2 ), 

the one-point connected sum of two genus one differentials. Define a conformal 
mapping <j>: A e — > L by 

= (X 1 ,wi)# /(tl ,i/2 ) (X 2 ,w 2 ), 

taking a connected sum along I(w 1 ^ 2 ). Similarly, if z G L n S"^, then we can 
regard (X z , w z ) as an genus one differential with two points identified to a node. 
Define a conformal mapping <j>: A e — > L by 

<j){w) = (X z , W Z )#/( w l/2), 

taking a self-connected sum along /(w 1 / 2 ) as described in N4. H In cither case, 
we have in these coordinates f{w) — w 1 / 2 , so 

(7 = . 
2 

Thus g has a simple pole at z. ■ 

This construction locally defines meromorphic sections of (T*^4d) 2 , but does 
not give a global section. The problem is that the definition of the quadratic 
differential q on a leaf L depended on a choice of cu Zo £ Vt{X Zo ) for some base- 
point zo £ L. There is no obvious way to choose these quadratic differentials 
coherently to get a global section. To get a global section of a bundle, we must 
twist by some power of flYjj. 

Theorem 10.2. There is a meromorphic section of the line bundle 

C = (QY D )* <g> (T*A D ) 2 

on Yd which has a simple zero along W d, has a simple pole along Pd and S D 
(which is empty if D is nonsquare), and is elsewhere nonzero and finite. 
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Proof. The construction in the proof of Theorem 110.11 defined for each point, 

z€Y D \\Jc P , 

together with a choice of w € Q}[X g ) a quadratic differential q on the leaf of 
Ad through z. Thus, we have a map h: fi 1 (X z ) — > (T*Ad) 2 \z- With / as in 
(jlO.ip . if we replace u E f7 1 (X z ) with au>, then / becomes af, and q becomes 
a 2 q. Thus h satisfies, 

h(auj) = a 2 h(us). 
We can thus regard ft as a linear map, 

tl l (X z )® 2 ^ (T*A D )\ Z . 

This defines a meromorphic section s of C over Yd \ (Jcp which has the same 
zeros and poles as the quadratic differentials on the leaves of Ad- This section 
extends holomorphically over the points cp to give a section over all of Yd 
because any holomorphic section of a line bundle defined on a neighborhood of 
a normal point extends over that point. ■ 

Corollary 10.3. If D is not square, then the fundamental class [Wd] of W d 
in H (Yd;Q) * s given by 

Wd} = 1~Pd}-[lo 1 } + 2[lu 2 }. (10.2) 

The fundamental class [W^] ofW^i in H 2 (Y d 2;Q) is given by 

[W d 2] = [P d2 ] - [S%] - [ Wl ] + 2[uj 2 }. (10.3) 

Proof. By jGH78( p. 141], for any line bundle L over a compact, complex man- 
ifold M with a meromorphic section s of L having divisor D, 

ci(L) = [D], 

This is proved for complex manifolds, but this is still true and the proof works 
just as well for orbifolds. 

In our situation, the section s of C from Theorem 110.21 implies 

[W D ] - [Pd] - [S 2 D ] = Cl (C) = - Cl (QY D ) + 2 Cl (T*A D ). 
This, together with (|9U]) . ([9T0]) . and (f9TTj) yield the desired formulas. ■ 
Corollary 10.4. If D =/= 1 is a fundamental discriminant, then 

x{W P o) = x(Pfn) - 2x(A>d) (10.4) 
= -W-D/ S £(fW. (10-5) 

r\f V 7 



143 



IfD = d 2 , then 

X(W (P ) = X (P d , ) - X (S 2 d 2 ) - 2 X (X d2 ) (10.6) 

= -^-2)E^- (10-7) 

r\d 

Proof. If we pair —[oji] with both sides of (|10.2[) and p0.3p . then by Proposi- 
tions 19.51 and 19.61 we get 

lui = — / lji — 2 / wi A and (10.8) 

Wo JPd JX d 



U>\ = — / CJi — 2 / bJi/\UJ2+ I UJ\. (10.9) 

W d 2 -^2 J^ d 2 JS^ 2 

Since Wu, Pd, and S^ 2 are transverse to Ad, the form — u>i restricts to the 
Chern form of the hyperbolic metric on these Riemann surfaces. Thus by the 
Gauss-Bonnet theorem we get (|10.4[) and (|10.6p . We calculated x(Xq) and 
X(Pd) hi Theorems [2~12l and l2~22l We will calculate x(S%) in the following 
proposition. Putting all of this together yields (|10.5[) and (|10.T|) . ■ 



Proposition 10.5. We have, 

USD = - 



x(sl) = -l, (10.10) 



and 

r\d 

when d > 2. 

Proof. We know that 

S^SH/TxCd). 
It follows from |Miy89[ Theorem 4.2.5] that, 



-| ifd = 2; 

(l + |) whend>2 



where <fi is the Euler ^-function, and the product is over all primes dividing d. 
By [lR9"0l Proposition 2.2.5], 

<f>(d) = dT[(i-- 

p\d 

so when d > 2, 



x(H/r l(rf )) = -l^n( 1 -i)=-^ 2 E 



/x(r) 



as claimed. 
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11 Fundamental class of Wry 

In this section, we will calculate the fundamental class of W d- By Corol- 
lary [TU31 we j us t need to know the fundamental classes of S D and Pd- 

Theorem 11.1. The fundamental class of S d 2 in H 2 (Y d2 ;Q) is 

(&] = -["<] (11.1) 

Proof. From Theorem 18.101 we have a map p : Y d 2 — > X d 2 which collapses the 
curves Cp to cusps of X d 2 . Let 

q: X d 2 H/SL 2 Z = 

be the map induced by the projection of H x H, the universal cover of X d 2 , onto 
its second factor. Let r = qop, and let oo € Mi.i by the single point added to 
H/SL 2 Z. Then 

r- 1 (oc)=S 1 d2 u\JC P . 

p 

Let / be a holomorphic function defined on a neighborhood of oo in Mi t i which 
has a simple zero at oo. We claim that for vanishes to order d along S d2 . 

It is enough to show that foq vanishes to order d along R d2 . Let G C SL20 C ;2 
be the cyclic group generated by 




and let N C SL2Z be the subgroup of upper-triangular matrices. We have the 
following commutative diagram: 

H x W/G *-H/7V 



H x A — ^ A 

i 3 

X d 2 ^M h i 

where A C C is the unit disk. The two topmost vertical maps are isomorphisms 
onto H x A* and A* respectively, where A* is the punctured disk. The maps 
i and j are unramified maps of orbifolds satisfying i^ 1 (R d2 ) = H x {0} and 
j _1 (oo) = {0}. The map t is given by t(z,w) = w d , and it follows that foq 
vanishes to order d along R d2 as claimed because / o j o t vanishes to order d 
along H x {0}. 
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It follows from this claim that 

[oo]=4&]+£MCp], (11.2) 



r 

p 



where ep is the order of vanishing of / o r along Cp . Let rj be the 2-form on 
H/SL 2 Z induced by 

1 dx A dy 
2^ 

on H. Since x(H/SL 2 Z) = -1/6, 



i.i 



by the Gauss-Bonnet Theorem, so the cohomology class defined by the closed 
current (77) on A^i.i satisfies 

6 [i]} = [00] 

in H 2 (M 1A ;Q)- We have 

r*7] = uji, 

so 

r*[oo] =6[w x ]. (11.3) 

Equations (fTTT^)> and (fTO)) imply (fTTTTj) for i = 1. The case i = 2 follows from 
the same argument or by applying r* to (|11.1[) . ■ 

Theorem 11.2. If D is not square, then the fundamental class of Pd in 
H 2 (Yd; Q) ts 

\PD} = l([^i] + [u2})+n B [P D }. (11.4) 
The fundamental class of P^ in iJ 2 (Y^2;Q) is 

[P d A = (| - 2) + M) + ( 1L5 ) 

Proof. In .M2, let Ao be the divisor which is the closure of the locus of stable 
Riemann surfaces with one nonseparating node, and let Ai be the divisor which 
is the closure of the locus of stable Riemann surfaces with one separating node. 
Let Si = [Ai], the fundamental class of A;. Define 

Ai = ci(OM 2 ). 

These cohomology classes satisfy the well-known relation, 

*i = 5Ai - i<5 , (11.6) 

proved in |Mum83j . 
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Since 71-5 (fLM 2 ) = fi'Yb © Q 2 Yd, where 7r 2 : Yd — > .M 2 is the natural map, 
we have 

^(Ai) = ^(["1] + M) (11.7) 

by Corollary [Hini 
We claim that 

7T* 2 (5 1 ) = {P D ]. (11.8) 

Since 7r 2 ~ 1 (Ai) = Fc, it suffices to show that Ai is generically transverse to 
T2(Yd)- In .4 2 , the divisor Ai corresponds to the surface X\ parameterizing 
products of elliptic curves. In A2, the intersection of X\ with Xd is transverse 
because these are both linear subspaces of _4 2 , so if their intersection was not 
transverse, one would be contained in the other. Equation (|11.8p follows. 
We now claim that 

*2(*o) = (&] + [&]+ £ e HCp] (11-9) 

p 

for some integers ep. Since 

2 

7r 2 - 1 (Ao) = U^u|JCp, 
i=i p 

7r 2 o r — 7r 2 , and = S^, it suffices to show that A meets 7t 2 (Yd) trans- 

versely along n 2 (Sj } ). 

Let p £ 5^2, and let (X, u>) £ fl/Vf 2 be a corresponding cigenform. We claim 
that 7t 2 (Yd) meets Ao transversely at 7r 2 (p). Let {cti,f3i} be a symplectic basis 
for Hi(X;Z) as in £16.31 Then we get coordinates (v,w,x,y,z) on a neighbor- 
hood U of (X, w) in flM2 as in §6.31 The subspacc H of U defined by the 
equations, 

v = uj{ot\) w = ui(a 2 ), 

maps locally biholomorphically to AA 2 , so the coordinates (x, y, z) on H induce 
coordinates on M.2 on a neighborhood W of X. In these coordinates, 

A = V{z). 

By Corollarv l7.7l 

TT 2 (Y D )nW = V(x-uj({3 2 ))- 

Thus 7t 2 (Yd) and Ao meet transversely at p as claimed, and Q11.9[) follows. 

Equations (fl"l~4|) and (fTl~5|) then follow from pX6]) . (fTl~7j) , (fTTT8]) . and 
(fTl~9l) . ■ 

Remark. I am grateful to Gerard van der Geer for providing the idea of the 
proof of this theorem. 

Remark. We can also use (|11.4[) and (| 1 1 . 5[) to get a new proof of Theorem l2.221 
Since this proof doesn't use Siegel's formula, Theorem 12. 16[ this together with 
the previous proof of Theorem 12.221 can be used to give a proof of Siegel's 
formula. 
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Corollary 11.3. If D is not square, then the fundamental class of W d in 
H 2 (Yd]Q) is given by 

[W D ] = ^[u; 1 } + ^[u J2 }+n B [W D }. (11.10) 
The fundamental class of W \p in H 2 (Y^ 2 ; Q) is given by 

[WdA = K i_ ~d) [lui] + K 1 _ ~d) t^i +^f, 2 ]. (11.11) 

Proof. This follows from plugging the formulas from Theorems 111.11 and 111.21 
into the formulas from Corollary 1 10. 31 ■ 
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12 Normal Bundles 



We now study the normal bundles of the curves Wd, Pd, an d S D with the 
goal of calculating the self-intersection numbers of these curves. For any curve 
C C Yd, we will write N(C) for its normal bundle. 

Proposition 12.1. For any connected component C o/Wd, Pd, or S D , 

N(C)=TA D \c (12.1) 
as holomorphic line bundles over C . 

Proof. We claim that the foliation Ad is transverse to W d, Pd, and S D - Equa- 
tion (|12.1jl follows directly from this claim. 

The curves Wd and Pd are transverse to Ad because the inverse images of 
these curves in HI x H are the unions of graphs of holomorphic functions H — > H. 
The curve S D is also transverse to Ad by Proposition l9.12l The closures of these 
curves are then transverse to Ad because they intersect Yd \ Xd in the curves 
Cp, these intersections are transverse by Theorem 18. 71 and the curves Cp are 
leaves of Ad by Proposition 19. 121 ■ 

Theorem 12.2. For any connected component C of Pd or S D , 

[C] 2 = x(c). 

For any component C of Wd , 

[cf = \x{C). 

Proof. Let C be a connected component of Pd, S d , or Wd, and choose a 
tubular neighborhood U C Yd of C which is small enough that each point 
in U \ C represents a stable Abclian differential which has a unique shortest 
saddle connection joining distinct zeros. We wish to define a map, 

$: U -> (Q 1 ^)*, 

where Q 1 C is the restriction of Q 1 Yd to C. 

Consider p £ U representing the projective class of a stable Abelian differ- 
ential (X, [uj]). Let I C X be the unique shortest saddle connection connecting 
distinct zeros, and let (Y, rj) be the stable Abclian differential obtained by col- 
lapsing / as in §4.11 The projective class (Y, [n]) then represents a point of C. 
Since oj and 77 are both eigenforms for real multiplication, we have an isomor- 
phism, 

T: Q 1 {Y) -> n\X), 
defined by T{r,) = u. Define S £ Q 1 {Y)* = Q^Y)- 2 by 

5(i/)= (fTWv) 
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where the integral along / is with respect to some choice of orientation of /. 
It doesn't matter which orientation we take for / or which square root of v we 
take, so S is well-defined. Now define $ by 

*( P ) = ((y,M) J s). 

For p £ C, we define = (p, 0). Note that <I> takes leaves of Ad to fibers of 
(Q 1 ^)*. 

Suppose that C is a connected component of Pd- We claim that in this case, 
$ is injective. To see this, let q £ (Q 1 C)* be represented by (Y, [77]) £ PfLM 2 
and 5 £ This (Y, 77) is the one point union of two genus one differentials 

or cylinders: 

(Y, V ) = (Y lim )#(Y 2 , m ). 

Normalize 77 so that S(rj 2 ) = 1. If Q(p) = q, then p is represented by the 
connected sum 

(X,cj) = (Y 1 ,r h )# I (Y 2 ,7 ]2 ), 

where / C C is the segment joining to 1. Thus p is determined uniquely by 
q, so $ is injective as claimed. When C = S^, then 4> is injective by the same 
argument, using a self-connected sum in place of the connected sum operation 
above. 

Recall that in we defined the operation of splitting a double zero, which 
is inverse to the operation of collapsing a saddle connection, and associates to 
a sufficiently small segment / C (Y, 77) starting at the zero of 77 the Abclian 
differential (Y, r])#i. 

Suppose now that C is a connected component of Wd ■ We claim that in this 
case, $ is branched of order three along C. Again, let q £ (Q 1 C)* be represented 
by (Y,r)) £ ¥QM 2 and S £ Q 1 (Y)*, and normalize 77 so that S^ 2 ) = 1. This 
(Y, rj) is a stable Abelian differential with a double zero z. If Q(p) = q, then p 
is represented by 

(A» = (Y,»0#/ 
for some oriented segment / starting at z such that 

J^=l. (12.2) 

There are at most three such segments because there are three positively oriented 
horizontal directions at the zero of 77; therefore, q has at most three preimages. 
If S is small, then there is an embedded ball around z with large radius. This 
means that there are three embedded segments starting at z satisfying (|12.2[) . 
and we can split along each of these segments. Thus any point in Q 1 C sufficiently 
close to the zero section has exactly three preimages under $, and the claim 
follows. 

Now if C is a connected component of Pd or S 1 ^ , then we have seen that U 
is homeomorphic to a neighborhood of the zero section in Q 1 C. Since U is a 
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tubular neighborhood of C, U is also homeomorphic to a neighborhood of the 
zero section in N(C). Therefore, 

\Cf = deg N(C) ^degQ 1 ^. 

Since c^Q 1 ^) = [wi] by Corollary iH 



[C] 2 =degQ 1 C = - / Wi = x(C), 



as claimed. 

Now suppose C is a connected component of Wd- Regard U as a neigh- 
borhood of the zero section in N(C). By the above claim, we can choose U so 
that <!>:£/—> (Q 1 C)* preserves fibers and is exactly three-to-one onto its image. 
For any line bundle B —>C, let r B G H 2 (B, B \ C;R) be its Thorn class. The 
Thorn class T/Qi^y is represented by a 2-form which is supported in $(/7) which 



satisfies 



T (QWr ~ 1 



for each fiber F of (Q 1 C)* . For each fiber F of N(C), we have 

**r (glB) . = 3, 



thus 

It follows that 



[C] 2 — T AT(C) ' \P\ 

= 3 T (Qic)* ■ \ C \ 
^deg^C)* 



as claimed. 



Corollary 12.3. For any connected component C o/Wd, we have 



w 2 = - / 

c A Jc 



Proof. By Proposition [T27TI we have 

[Cf = degTA D \c = c^TAd) ■ [C] = - [ u> 2 . 

Jc 

By Theorem [TJH 



and the claim follows. 
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13 Euler characteristic of Wj^ 

Cohomology of Yq. We saw in Theorem 18 . 1 1 1 that the intersection pairing 
on H 2 (Yd ; Q) is negative definite on the subspacc B generated by the funda- 
mental classes of the curves Cp. By Corollary 19. Ill the subspace ([wi], \^>2\) C 
H 2 (Y D ; Q) is orthogonal to B. Thus, if we let J C H 2 (Y D ;Q) be the orthogonal 
complement to B © ([wi], [^2]), then we have the orthogonal direct sum, 

H 2 (Y D ;Q) =B® ([ljj], [lo 2 ]) © J. (13.1) 

Since 

Bffi(H.N) Ci? ia (YD;Q), 
J contains all of H 2 '°(Y D ; Q) and #°' 2 (Yd; Q). 

x(Wd) when D is not square. We now calculate x(Wb) when Z? is not 
square. Until further notice, we will assume that D is not square. 
According to Corollary 18. 12i 

■xb[W d ] = 7Tb[Pd]- 

Let B D = ttb[Pd], and let B D = ^[W^d] for e = 1, 2. Since 

[Wd] = Fd] + Fd], 



we have 

B D + B D = Bp,. 
Lemma 13.1. For any nonsquare D, we have 

(B D ) 2 = -15 X (Xd). (13.2) 
Proof. Since Wp> and Pd are disjoint, 

[W D ] ■ [P D ] = 0. 

Equation (|13.2p follows directly from this together with the equations Q11.4[l 
and (|11.10[) for these fundamental classes. ■ 

Theorem 13.2. If D is not square, then the fundamental class of W D in 
H 2 (Y D ;Q) is 

W C D] = \[^i] + \[^]+B D +j (13.3) 

for some j G J. 

Proof. Since W D and Pd are disjoint, we have 

[W D ] ■ [P D ] = 0, (13.4) 
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and by (|8.6[) . we have 

(Blf = (Bp) 2 . (13.5) 

By (|13.ip and Corollary 112.31 the fundamental classes of the W e D are of the 
form, 

fW° D ] = a[u 1 ] + 3a[u 2 ] + B^+j 

Wd\ =(l~ a ) M + (1 " 3a ) M +B d- 3, 
for some a € Q and j € J. In terms of a, ()13.4|) becomes 

10a X (X D ) + (5°,) 2 + 5° • = 0. (13.6) 
From (|13.2|) and Q13.5|) . we obtain 

(B^) 2 + BS, ■ = 5^ + Bi) 2 = ^(Bd) 2 = ~X(^). (13-7) 
Combining (|13.6|) and Q13.7P yields 

3 

as desired. ■ 
Remark. It seems likely that j = 0, but we don't know how to prove this. 
Corollary 13.3. If D is not square, then 

X(W° D ) = X (Wh). 

x(Wd) w h en D is square. We now turn to the calculation of x(WJ 2 )- The 
idea is the same as the proof of Theorem 113.21 but the calculation is more 
complicated because of the presence of the curves S l d2 . We will restrict to the 
case d > 2 because W4 = 0. We start by calculating the intersections of various 
classes in H 2 (Y d 2;Q). 

Lemma 13.4. For any d > 2, we have the following intersection numbers: 

r\d 

n B [S l d2 ] ■ n B [P d2 ] = f-^d 2 + IdW # (13-9) 

^ ' r\d r 

(M^D 2 = -^ 2 Ett ( 13 - 10 ) 

r\d 



MSU ■ n B [S%] = -±d£ # + Uid) (13.11) 



2 ^ r 2 2 

r\d 
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7TB [S rf2 ] • TT B [W d 2] 



{KB{W d ,]f 

(M^D 2 



ttbIS 1 ^] ■ ir B [W d 2] 



1 o 

8" 2 + 


1 \ „(» 


(13.12) 






24 




(13.13) 


24 


24 4 7 ^ r 2 

7 r|d 


(13.14) 


24 




(13.15) 


7 r\d 





Proof. Equation (|13.8|) is x(X d 2 ), which is given in Theorem 12. 121 

By Theorem EH ~P& H = 0. Thus fP d3 ] • [^ 2 ] = 0, from which (TilOj) 
follows. 

By Theorem [Upland (llO.lip . 



[^2] 2 =X^2) = -^d 2 ^ 



/x(r) 



from which p3.10[) follows. 
By Theorem 



Equation (|13. follows. 
By Theorem HHl 

[s%] ■ WdA = o. 

Equation 12|) follows. 

By Theorem HH2 and (fTU^|) . 

r\d 

from which (|13. 13[) follows. Equation (|13.14|) is proved similarly. 
By Corollary EH 

1 i i 2 

n B [S d 2] ■ 7T B [W d 2] = TT B [S d 2] ■ TT B [P d 2] - TT B [S d 2] ■ TT B [S d2 ] 

Then (|13.15|l follows from and l|13.11jl . 



Theorem 13.5. For any d > 2, the fundamental class of W d 2 in H {Y d 2\ 
is given by 
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for some j € J . 

Proof. By (j!3.ip . Corollary 1 11.31 and Corollary |12.31 the fundamental classes of 
the W d 2 are given by 

[W° 2 ] = a[wi] + 3a[w 2 ] + 7T B [W° d2 } + j 

WU = (| " ^ " «) M + (| - 5 - 3a) [u, 2 ] + ttbF^] - j 

for some agQ and j 6 J. 

From Corollary 18. 161 we have 

(7rBF^]) 2 = (7r B [W^]+7r fl ^ 2 ]) 2 
Using (|13.10j) . dll, and (|13.13p . this simplifies to 



V)^. (i3.i6) 



7TB \W d 2] ■ -K B [W d 2\ + 7TB [W&] ■ nB[S%] 

48 48 

From Corollary 18. 121 we have 

7Tb[W^] + n B [S%] =*b[PA- (13-17) 

Multiplying (|13.17[) by 7Tb[W^2] and subtracting the result from (| 13 . 1 6[) . we 
obtain 

MWU • , B [P d A = (-^ + ^ id) £ (13.18) 



Since M^° 2 and P d 2 are disjoint, we have 

WU ■ [P d A = o. 



r|d 



Expanding, this becomes 



- id 2 ) «^^ + ttb [W° d2 ] ■ n B [P d 2] = 0, 



r|d 

which with (|13. 18|) yields 

o = ^ I 1 - ^ 
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Corollary 13.6. For any d > 2 with d = 1 (mod 2), 

«=->-i)i:f 

r\d 

x(^) = --^-3)£^- 



Once cylinder cusps. As an application of the calculation of [W^], we give 
formulas for the number of one-cylinder cusps of W%. These formulas were 
established independently by Lelievre and Royer in |LR06j . 

Theorem 13.7. For any d > 3, the number of one-cylinder cusps of W d 2 is 

r\d 

the number of one-cylinder cusps of W d2 is 

r\d 

and the number of one-cylinder cusps ofW^ 2 is 

r\d 

Proof. The one-cylinder cusps of W d 2 are the points of the intersection. 

When d > 3 this intersection is transverse by Theorem I8.7i so [W d 2] ■ {S d2 ] is 
equal to the number of one-cylinder cusps of W d 2. Similarly, [W^j] • [S^] is 
equal to the number of one-cylinder cusps of WJ 2 ■ 
Using (|13.15[) . we obtain 

r\d 

which implies (|13.19| . 

Now let's calculate \S d ,] ■ WdA- B Y Corollary EM 

we have 

= r* (ttb^]) • r* (jr B [W° d2 ]) 
= n B [S 2 d2 ]-7r B [WU + (MS 2 dA) 2 

= 7T B [S%} ■ 7T B [W d 2] + ttb[S%} ■ ttbWU + (MSU) 2 (13-22) 
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Since W d2 and S d2 are disjoint, we have [W d2 ] ■ [S^z] = 0, and it follows that 




(13.23) 



Substituting (|13.10p . (|13.12[) . and (|13.23p into (|13.22|) . we obtain 




(13.24) 



Equation (|13.24|) yields 

r|d 

which implies (|13.20|) . Equation (|13.21|) follows from (|13.19|> and (|13.20J> . ■ 



157 



14 Siegel-Veech Constants 



As an application of our results, we record the Siegel-Veech constants counting 
cylinders on translation surfaces on the Tcichmuller curves Wd and W D . This 
is basically a matter of plugging in our results into known formulas for these 
constants. 

Given a translation surface (X, uS), let 

N((X,u>),L) = ^{maximal cylinders of length at most L on (X, ui)}. 

If (X, lo) lies on a Tcichmuller curve, then Veech |Vee89j showed 

N((X,w),L)~ C L 2 . (14.1) 

7r Area(A,cj) 

The constant c, known as a Siegel-Veech constant, only depends on the Te- 
ichmiiller curve on which [X, ui) lies. Let co be and c e D be the Siegel-Veech 
constants associated to Wd and W D respectively. 
Given a W^o-prototype P = (a, b, c, q), define 



gcd(a, c) V c / \ A 2 
where A = A(P), the positive root of ax 2 + bx + c = 0. 
Theorem 14.1. If D is not square, then 

v(P) 

Cn = ; : — , and c n = r 1 — ^ — i 

-2 X (W D ) D -2 X (W d ) 

where W D is the set of Wd -prototypes of spin invariant e. 

Sketch of proof. To fix notation, assume Wd is connected as the proof is the 
same otherwise. Each cusp of Wd corresponds to a W-r> -prototype P, and we 
associated to this cusp on p.[52]a surface (Xp 7 ujp) on Wd with a decomposition 
into two cylinders C\ and C2 (say C\ is the short cylinder). The subgroup of the 
Veech group of (Xp, ojp) (the stabilizer of this surface in SL2R) which preserves 
the horizontal direction is generated by 



9 

where 

t = 



1 t 
1 



gcd(a, c) 

Let i(Ci) be the order of the Dehn twist which g induces on Cj. We have, 

l{Cl) = ' and 

i(C 2 ) - 



gcd(a,c) 
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We have 



(P) = Arca(A P , Wp )^ 



HQ) 



v 



Area(Ci)' 



It follows from Theorem 6.5 of jGJOOj that for any (X,u) e £liW D , 



N{(X,u),L) 



Area Wd 



as desired. 



We list the Siegel-Veech constants for D < 100 in Table [21 using the con- 
vention co = cP D if D = 1 (mod 8) (c D is the Galois conjugate of c D as we 
prove below). From numerical calculations, as D — » oo, the constants appear 
to converge to 10, which by [EMZ03 is the Siegel-Veech constant for counting 
cylinders on a generic (X,w) £ fiA^^)- It would be interesting to find a closed 
formula for cp. 

Arithmetic of Siegel-Veech constants. According to |GJ00j . the Siegel- 
Veech constant c in (|14.1[) lies in the trace field of the Veech group of (X,u). 
We get more precise information in the case of the Wd- 

Theorem 14.2. Suppose D is not square. If D ^ 1 (mod 8), then £ Q. 
Otherwise, c° D and c D are Galois conjugate elements o/Q(\AD). 

Proof. First assume D ^ 1 (mod 8). We have the involution t on the set of 
W/j-prototypes, defined in <J3] Actually, it was defined on Y£>-prototypes, but 
the definition works just as well in this case. This involution satisfies 



it follows that c' D = cd as desired. 

Now suppose D = 1 mod 8. If it were true that e(t(P)) = e(P) + 1 - where 
e is the spin invariant - then we would be done. This is not true, but we can 
modify t so that it is. Define a bijection on the set of Wc-prototypes, 



v(t(P)) 



v(py, 




P + (0, 0, 0, gcd(a.fc.c)), otherwise. 




Then t' = 



s o t is also a bijection. One can check that it satisfies 



e(t'(P)) = e{P) + l, and 
v(t'(P))=v(Py, 



from which the second claim follows. 



159 



Applications to billiards. Given a L-shaped polygon P (or more generally 
a rational angled polygon), there is a construction called unfolding which pro- 
duced a translation surface from P. To construct the unfolding of P, join four 
copies of P to form a cross and glue opposite sides as in Figure [151 This yields 
a genus two translation surface (X, uS) with a single double zero. Billiards paths 
on P unfold to closed geodesies on (X, u>), and we obtain a one-to one correspon- 
dence between closed paths of length L on P and on the unfolding. Recall that 
we defined in <JT]a L-shaped polygon P(D) for each real quadratic discriminant 
D, and we defined N(P(D),L) to be the number of families of closed billiards 
paths of length at least L. 



Figure 15: Unfolding a L-shaped polygon 



Theorem 14.3. If D is not square, then 

where c(D) = c D , if D ^ 1 (mod 8), and c{D) = c^ +/)/2 if D = 1 (mod 8), 
where f is the conductor of D. 

Proof. This follows directly from (|14. 1[) applied to the unfolding of P(D). The 
factor of 4 is because the unfolding has 4 times the area. To see that the 
unfolding has discriminant D and spin invariant e = (1 + /)/2, note that the 
unfolding is GL^M-cquivalent to the surface (Xp,ojp) associated to the Wd~ 
prototype, 




(1,-1, ^,0); if D is odd; 
(l,0,-f,0); if D is even, 



defined on p. [52j The spin invariant is then given by Theorem 14. 101 ■ 
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D 



12 



13 



21 



24 



28 



29 



32 



37 



40 



44 



45 



48 



52 



53 



cp 
25 

T 

28 

T 

2G 

T 

91 
~9 



133 

HT 

148 

75~ 

82 

y 

377 

~35~ 
190 

~21 



33 f-ilvS 
48 144 



9139 

"945" 
1924 

T89~ 



8897 23 r- 
41 V41 



960 320 
7682 



735 
299 

~33~ 

325 

"33" 
1283 

T35" 

228695 

21021 



D 
56 

57 

GO 

61 

65 
68 

69 

72 

73 

76 

77 

80 

84 

85 

88 

89 

92 

93 

96 

97 



cp 

1796 

195 
23693 29 



2352 784 
2158 



57 



231 
194651 

19305 
52429 113 



5376 1792 
413 

"39" 
26611 



G5 



2805 
18868 



1785 
3285 23 



352 864 
2822 



73 



285 
116699 

12597 
12631 

1254 
487 

"5T 

336821 

32319 
182236 

18837 
702833 831 



68640 22880 
204178 



21945 
2823449 

270963 
3194 



345 

44329 1145 



4488 40392 



97 



Table 2: Siegel-Veech constants for Wp 
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15 Lyapunov Exponents 



Consider the rank 2g bundle H(M.) — ► ftiA4 g whose fiber over the surface (X,oj) 
is Hi(X;M.). The action of the diagonal subgroup of SL2M lifts to a linear 
action on Hi(M.). This action is called the Kontsevich-Zorich cocycle. The 2g 
Lyapunov exponents of the Kontsevich-Zorich cocycle with respect to a finite, 
ergodic, SI^R-invariant measure \x are of the form, 

1 = Ai(/i) > ■ • • > X g (fi) > > -X g (jJL) > = -1. 

The goal of this section is to prove the following unpublished theorem of Kont- 
sevich and Zorich as an application of our previous results. 

Theorem 15.1. If fi is any finite, ergodic, SL2K- invariant measure on 
then 

1/3, if [i is supported on 17iA^2(2); 
1/2, if fi is supported on f2i.M2(l, !)■ 



Aa(/i) 



Remark. When fi is period measure on Ed, with D nonsquare, the proof will 
require Theorems 115.101 and 115.111 below. These results will also be used in a 
future paper, and we will defer the proofs until then. 

The proof of Theorem 1 15. II is based on a formula due to Kontsevich }Kon97| 
for the sums of Lyapunov exponents in terms of some integrals over F£lA4 g . 
Kontsevich states his formula for the Lyapunov exponents on the entire strata 
OiM 9 (n), but his formula is equally valid for all ergodic, SLaK-invariant prob- 
ability measures on VL1M.2 and we will state it for these. 

Let E be the bundle over P , VlM.2 obtained by pulling back fLM 2 by P£XM 2 — ► 
M.2, and let L be the canonical sub-line-bundle whose fiber over (X, [w]) is Cui. 
Give E the Hodge metric, 



Jx 

and define two- forms on 

ji=ci(E,h) and j 2 = ci(L, h). 

For any SL2M-invariant measure /1 on Q\M.g, let 7r»^ be the pushforward to 
PilMg, and let Pfi be the disintegration of 7r*/i with respect to the foliation T of 
PfLM g by images of SL2R-orbits. That is, P/x is the unique transverse invariant 
measure such that the product of Pfx with the hyperbolic area measure on the 
leaves of T is 7r*/x. See |Bou69j for a discussion of disintegration. 

Theorem 15.2 (Kontsevich). For any finite ergodic, ShJU^-invariant measure 
fj, on £t\M.2, 

A 1 ( / i) + A 2 (/i) = f^. (15.1) 
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Uniform distribution. In order to evaluate (|15.1| . we will need the following 
weak uniform distribution result for Teichmiiller curves. Given a space X with 
an SL2M-action, let M(X) be the space of finite SI^R-invariant measures on 
X with the weak* topology. Let C(n) C M(OiA / f ff (n)) be the convex cone 
spanned by the measures defined by hyperbolic area on those Teichmiiller curves 
in QiM g (n) which are generated by square-tiled surfaces. Similarly, let C,p C 
M(f2i£' £ j2 (1, 1)) be the convex cone spanned by those Teichmiiller curves in 
f2i£^2(l, 1) generated by square-tiled surfaces. 

Theorem 15.3. We have 

//(n) G C(n), and 

H' d 2 G C d 2, 

where the measures on the left are the period measures on these strata defined 
*»© 

Let 77 m (n) and rj m [d] be the measures on HA4 g (n) and SlE,p(l, 1) defined 
by putting 5-masscs of equal weight on the square-tiled surfaces with at most 
m squares, normalized to have the same volumes as /x'(n) and fi' d2 respectively. 
Let 77 m (n) and rj' m [d) be the projections to f2iA4 s (n) and fii-E^p (1, 1). The 
following lemma is well-known. 

Lemma 15.4. We have 



lim 



lim r)' m [d] = fi' d 2 

m — *oo 



in the weak* topology on measures. 

Proof. We will prove the first statement, the other having the same proof. Let 
/i"(n) be the restriction of /Lt'(n) to fi<i.M ff (n), and let 

C( n ) = (fi/vsj.'fcW- 

where t r is the multiplication-by-r map on ClA4 g . Since /i"(n) and 7? TO (n) project 
to /i'(n) and 77 m (n) respectively, it is enough to show that 

lim 77 m (n) = M "(n). 

m — >oo 

This is easy to see in the period coordinates on f2At s (n) (described in Q. In 
period coordinates, the square-tiled surfaces are exactly the points on the integer 
lattice, so 7/ m (n) consists of 5-masses of uniform weight on points of norm less 
than one on the 1/ ' \fm lattice. Since these lattices have mesh approaching zero, 
the measures converge to the uniform measure which is just /-*"(n) in period 
coordinates. ■ 
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Proof of Theorem \15.3l The set of square-tiled surfaces is SL 2 Z- invariant, so 
the measure rj' m (x\) is also Sl^Z-invariant. Thus we can define 



i/ m (n) = / rf m {n)dpeM(£liM g {n)), 

SL 2 R/SL 2 Z 

where p is Haar measure on SL2R. The measure v m (p) is SL2R-invariant and 
supported on finitely many Teichmullcr curves generated by square-tiled sur- 
faces, so v m (ja) lies in the cone C(n). 

Let A C SL2R be a fundamental domain for SL2Z. Given a compactly 
supported, continuous function / on ili.M 9 (n), we have, 

lim / fdv m (n) = lim / / / o Adrf m {n) dp 



= / { 1™ / f°Adr]' m (n) 

AeA \ J2 1 M 3 (n) J 



dp 



f o A <f//(n) dp 

AeA li,M 5 (n) 

fdp'(n) dp 

AeA n 1 M g (n) 

= vol(SL 2 R/SL 2 Z) J fdp'(n), 

where the second equality follows from the Dominated Convergence Theorem; 
the third equality follows from Lemma 115.41 and the fourth equality uses the 
SL 2 R-invariance of p'(n). It follows that //(n) e C(n). The proof for p' d2 is the 
same. ■ 

The Siegel- Veech transform. Given any translation surface (X, lo) with an 
oriented saddle connection /, we associate the complex number v{I) = J T lo. Let 
V(X, lo) be the collection of vectors in C associated with saddle connections on 
{X, lo), together with the multiplicities with which they appear. 

For any continuous, compactly supported function / : C — > R, the Siegel- 
Veech transform /: f2iA^ g (n) — * R is defined by 

f(X,w)= Yl K v )- 
vev(x,uj) 

Theorem 15.5 ( [Vee98j ). Given any ergodic, SL2M.-invariant measure p on 
CtiM g (n), we have 

fdn = c tc (ji) I f. (15.2) 
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The Siegel-Veech constant c sc (fi) depends only on the measure \i. 

If jU is supported on a Teichmiillcr curve C, we will also write c sc (C) for 
c sc (/z). It follows from [Vee98j that for any (X,w) on a Teichmiillcr curve C, 

N sc ((X,uj),L)^c sc (C)- 



Area(X, lj) ' 

where N sc is the counting function for saddle connections. 

Bounded Siegel-Veech constants. We now show that Siegel-Veech con- 
stants are uniformly bounded over Teichmuller curves of a given genus. 

Theorem 15.6. There is a uniform bound, 

c sc (C) < D, 

where C ranges over all Teichmuller curves in Q.M. g , and D only depends on 
the genus. 

This follows easily from the following results. 

Theorem 15.7 ( |Mas90j . [EMOlj ). Given any compact subset K C flA4 g (n), 
there is a constant c(K) such that for any [X, oj) € K, 

N sc {{X,lj),L) <c(K)L 2 . 

Theorem 15.8. Given any connected component S of a stratum f2iA^ g (n), 
there is a compact subset K C S which intersects the SL 2 R orbit of each point 
in S. 

Theorem 115.81 is a corollary of the main result in Athrcya's thesis |Ath06j . 

Proof of Theorem \15.6\ For each connected component S of a stratum, choose 
a if as in Theorem 115.81 Then for every Teichmuller curve C C S, we have 
Csc(C) < c(K) by Theorem 115.71 Since there are only finitely many connected 
components of strata in each genus, we obtain a bound depending only on the 
genus. ■ 

Let K € C OiA4 s (n) be the locus of translation surfaces which have no saddle 
connection of length less than e, and let K e be the complement of K e . 

Corollary 15.9. For any Teichmuller curve C C ^l\Aig{n), we have 

voi(cnK e ) 2 

vol(C) ' 
for some constant D depending only on the genus g. 
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Proof. Let Xe be the indicator function of the disk of radius e. We have 

Xe > XR t - 

Even though Xe is not continuous, we can apply (|15.2[) by the monotone con- 
vergence theorem. We have 

vo\{Cf\K e ) 1 



vol(C) " vol(C) J c 
where D is the constant of Theorem 115.61 



^ -^T7n I ** = cUCW < Dire 2 
vol(C) J c 



Extension of Td to Yd- We equipped the foliation Td of Xd by SL2lR-orbits 
with a transverse invariant measure P/^, so we can integrate 2-forms over Td 
to obtain a closed current (Td) on Xd- The foliation Td does not extend to 
a foliation of Yd- In fact, Td has isolated singularities at the points cp as well 
as along the one-dimensional loci in the curves Cp consisting of forms whose 
horizontal foliation has two cylinders. Nevertheless, the current defined by Td 
extends to a closed current on Yd- 

Theorem 15.10. The foliation Td defines a closed current (Td) on Yd, de- 
fined by 

(T D )(u) = [ u 

for each C°° 2- form to on Yd ■ 

Wc will defer the proofs of this theorem and the next to a future paper. The 
idea of the proof of Theorem 1 15. 101 is to compare J r u> with vol(n' D ) using the 
Schwartz lemma, and then to apply Theorem 14.81 that these volumes are finite. 

Let [Td] be the cohomology class in H 2 (Yd;M.) defined by (Td)- 

Theorem 15.11. For any component C ofWo, Pd, or S D , we have 

[C] ■ [T D ] = 0. 

The conclusion of this theorem is true for any closed leaves of a measured 
foliation which arc not atoms of the transverse measure. The curves Wd, Pd- 
and S D are leaves of Td, but their cusps pass through singular points of the 
extension of Td to Yd ■ The proof of Theorem 115.111 amounts to estimating 
integrals of smooth forms around these singularities. 



Proof of Theorem 115.11 Consider the pullbacks of the bundles E and L 
over POM 2 by tt: X d -> POM 2 . Wc have 

n*E = Q X X D n 2 X D , and 
tt*L = fl 1 X D . 
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Proposition 12.81 implies 



7r*7! = lui + u>2, and 

7T*7 2 = U)\. 

Let [i be an ergodic SL 2 R-invariant measure on Q1M.2 whose support is not one 
of the strata f2i.M 2 (2) or fiiA^l, 1)- By McMullen's classification of ergodic, 
invariant measures, each such [i is supported on one of the eigenform loci QiEp. 
Then Ffj, is a transverse, invariant measure to the foliation Tu of Xp, and (|15. ip 
becomes 

A 2 (/x) = ^— ■ (15.3) 

If the ergodic, invariant measure \x is supported on a connected component 
C of W D , then A 2 (/i) = 1/3 by (ITO|l and Corollary [1231 

Now suppose /1 is supported on a Teichmuller curve C C PfJA^l, 1) (so C 
is cither the decagon curve Diq or a component of W^n]). By Corollarv ll0.3i 
we have 

Wd] - [Pd] + [S 2 D ] = -[wi] + 2[wa]. (15.4) 

Since C is disjoint from each of the three curves on the left, pairing [C] with 
both sides of (|15.4|) yields A 2 (/i) = 1/2. If \i is the period measure fi' D on 
then 

/ Ui = [T D ]{uJi). 

Then we obtain A2 (//£>) = 1/2 by pairing [Td] with both sides of (115.411 and 
applying Theorem 1 15. Ill 

It remains to deal with the measures //(n) on the strata 17iA4 2 (n). Given 
a point p € PJ7A^ 2 , let L be the leaf of T through p. Define 

12\L 

This is a well-defined real number because it is the ratio of top-degree forms. 
Lemma 15.12. As a function on KIM2, we have 

l</<2. 

Proof. Since / is continuous, it suffices to prove this bound for every Teichmuller 
curve C C Pf2.M 2 . The curve C lies on some Hilbert modular surface Xr>- Let 

CcHxi 

be a connected component of the inverse image of C in the universal cover of 
Xd, and let 7r, : C — > M be the two projections. Since C is transverse to the 
vertical foliation Ad of Xd, the first projection ix\ is a conformal isomorphism 
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of C with H. By the Schwartz lemma, the projection tt2 is a contraction. Since 
u>i is the pullback of the hyperbolic area form on H by w,;, we have 



The claim follows, since 



0<^<1. 

Wl|c 



We need to show that 
1 



vol /Lt'(n) 



n 1 M 2 (n) 



fdn'(n) 



1/3; ifn = (2); 
1/2; ifn=(l,l), 



where we regard / as a function on SliA^n) by pulling it back from the pro- 
jectivization. Let {v m } be a sequence of measures supported on Teichmiiller 
curves in f2iA^2(n) and converging to //(n). Since the average of / over any 
Teichmiiller curve C is either 1/2 or 1/3, depending on the stratum in which C 
lies, it is enough to show that 



vol v„ 



f dvr, 



1 



vol //(n) 



/d//(n) 



Recall that we defined K e to be the locus of translation surfaces with no 
saddle connection shorter than e. Since K e is compact (as is shown in jKMS86j ). 
voir27M 2 (n) < oo, and the K t exhaust fiiA^n) as e — > 0, we can choose for 
any <5 > an e small enough that 



//(n)(if e ) 6 
vol//'(n) 2' 
By Corollarv ll5.9i we can also choose e small enough that 

vol v m (n) 2 



(15.5) 



(15.6) 



Let g e be a continuous, compactly supported function on riiA^2(n) such 
that g = 1 on K e , and < g < 1. We have, 



lim 

m — >oo 



1 



vol; 



f dv m - 



1 



vol /x'(n) 



fd//(n) 



< lim 



VOl V n 



g t f du m - 



1 



vol //(n) 



gjdn'(n) 



H'(n)(k e ) | i/ m (n)(ir 6 ) 
vol/i'(n) voli/ e (n) 
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since the limit of the first term is zero by Theorem ll5.31 and the other two terms 
are bounded by (|15.5[) and (|15.6|) . 

This completes the proof of Theorem 115.11 Note that the last part of the 
proof applies to the fliE d 2, so we can prove Theorem 115.11 for these spaces 
without appealing to Theorems 115.101 and 115.111 
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A Normal varieties 



In this section, we record standard facts about normality for algebraic varieties 
and analytic spaces which we use in this paper. We will consider all of our 
algebraic varieties to be over C. 

Normal algebraic varieties. A point p on an algebraic variety A is said to 
be normal if the local ring O p of A at p is an integral domain which is integrally 
closed in its field of fractions. A variety X is normal if it is normal at each of 
its points. 

A normalization of a variety A is a normal variety Y together with a finite 
surjective morphism tt: Y — > X. More generally (following JVlum99| ), if X is 
an irreducible variety, and if L is a finite algebraic extension of K(X), then a 
normalization of X in L is a normal variety Y with function field K(Y) = L, 
together with a finite surjective morphism tt: Y — > X such that tt* : K(X) — ► 
K (Y) = L is the given inclusion of K{X) in L. If L = K(X), this is just the 
usual normalization of A. 

Theorem A.l f |Mum991 Theorem 111:8.3]). For any irreducible variety X and 
finite algebraic extension L of K(X), there is a normalization of X in L, and 
any two such normalizations are equivalent. 

Normalization is also characterized by a universal property. In the case, 
where L — K(X), this is an exercise in [Har77| p. 91]. 

Theorem A. 2. The normalization tt: Y — > X of X in L = K(Y) has the fol- 
lowing universal property. Let Z be a normal variety with a dominant morphism 
q: Z —t A, and let r: K(Y) — ► K{Z) be an isomorphism such that r o tt* = q* 
as inclusions K(X) — ► K(Z). Then there is a unique morphism s: Z —*Y such 
that s* = r and tt o s = q. 

We will also have use for the following theorems: 

Theorem A. 3 ( |Mum99| 111:8.4]). The normalization of a projective variety in 
a finite algebraic extension is projective. 

Theorem A. 4 (Zariski's Main Theorem, |Har77| ) . Let f: X — > Y be a bira- 
tional morphism of projective varieties, and assume that Y is normal. Then for 
every y £Y , the fiber f~ 1 (y) is connected. 

Theorem A. 5 (Zariski, [ZS601 Theorem VIII. 32]). If X is a normal variety, 
p G X, and O p is the completion ofO p , then O p is an integrally closed integral 
domain. 

Normal analytic spaces. A complex analytic space is a ringed space which is 
locally modeled on analytic subvarieties of C" . We start by recalling some basic 
notions about complex analytic spaces. See |GR65j and |Gun70j for details. 

Consider the set of pairs (U,X), where U C C" is a neighborhood of some 
point p, and A C U is an analytic subvariety of U. We consider two such pairs 
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to be equivalent if the varieties agree on some common neighborhood of p. An 
equivalence class of such pairs is called a germ on an analytic variety at p. A 
germ is considered to be irreducible if it contains no proper subgerms. 

Theorem A. 6 ( |Gun70l p. 11]). Any germ of an analytic subvariety at p can 
be written uniquely as the union of finitely many irreducible germs of analytic 
varieties at p. 

Given a point p £ A, an analytic subvariety of an open subset of C™, a branch 
of A through p is an irreducible subgcrm of the germ of X at p. Informally, a 
branch of X through p is a connected component of U n (X \ A s i ng ), where U is 
a small and sufficiently regular neighborhood of p, and A s i ng is the singular set 
of X . Given a point p in an analytic space X , let O p be the local ring of germs 
of holomorphic functions on X at p. Just as for algebraic varieties, we say that 
p is a normal point of X if O p is an integrally closed integral domain. We say 
that X is normal if each of its points is normal. 

There is also a geometric characterization of normality. Following \\":i:72 , 
we say that a function / on an open subset V of an analytic variety X is weakly 
holomorphic if there is a subvariety V' C V with the following properties: 

• V is nowhere dense in V, and V^i ng C V . 

• / is holomorphic in V \ V . 

• / is locally bounded in V. 

It follows from Whi72, Theorem 4.101] that an analytic space X is weakly 
holomorphic at p if and only if every germ of a weakly holomorphic function at 
p is in fact holomorphic. 

A normalization of an analytic space A" is a normal analytic variety Y to- 
gether with a holomorphic map p : Y — > X such that 

• p: Y — ► X is proper and has finite fibers. 

• If A s i n g is the singular set of A, and A = p _1 (A s i ng ), then Y \ A is dense 
in Y, and p: Y \ A — > A is biholomorphic onto A \ A s j ng . 

Theorem A. 7 f [Lau71[ p. 38]). Every analytic space has a unique normaliza- 
tion. 

Theorem A. 8 ( |Lau71[ p. 37]). Ifir:Y—>Xis the normalization of X, then 
for each p £ X, the map it induces a bijective correspondence between the points 
of tt~ 1 (p) and the branches of X through P. 

Theorem A. 9. If X is an algebraic variety, andir: Y — > A is the normalization 
of X as an algebraic variety then it is also the normalization of X as an analytic 
space. 
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Proof. By the definition of the normalization of an analytic space, we need only 
to show that Y is normal as an analytic space. For this proof, write O p n for the 
local ring of germs of holomorphic functions on X at p, to differentiate from the 
local ring of O p of algebraic functions at p. Let O p be the completion of O p . 

Let / in the quotient field K(0^ n ) be integral over O™. Since C 6 P , it 
follows that / is integral over O p . Since O p is integrally closed by Theorem lA.51 
it follows that / G d p . Then / G 0| n because K(0* n )nO p = in K(6 P ). ■ 

A resolution of an analytic space X is a complex manifold Y together with 
a proper analytic map ir: Y — ► X such that 7r: Y \ 7r (-X* 8 i n g) —> X \ X s - lng is 
biholomorphic and such that t:~ 1 (X \ A" s ; ng ) is dense in Y . The following was 
proved by Mumford in [Mum61 , by Grauert in |Gra62j . and also by Laufer in 
|Lau71| Theorem 4.4]. 

Theorem A. 10. Let n: Y — » X be a resolution of X , and let p G X be an 

isolated normal point. Suppose that A = 7r _1 (p) is the union of irreducible 
curves Ai which are nonsingular and intersect transversely, with at most two 
branches of 1J 4 Ai passing through any point. Then the intersection matrix 

(A -A,) 

is negative definite. 
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